PHASES OF LAGRANGIAN-INVARIANT OBJECTS IN THE 
DERIVED CATEGORY OF AN ABELIAN VARIETY 

ALEXANDER POLISHCHUK 

Abstract. We continue the study of Lagrangian-invariant objects (Li-objects for short) 



o 



ctf 



c3 



in the derived category D (A) of coherent sheaves on an abelian variety, initiated in [31] 



*vi , For every element of the complexified ample cone Da we construct a natural phase 

function on the set of Li-objects, which in the case dim A = 2 gives the phases with 
respect to the corresponding Bridgeland stability (see [9]). The construction is based on 
the relation between endofunctors of D b (A) and a certain natural central extension of 
groups, associated with Da viewed as a hermitian symmetric space. 



^ \ Introduction 

<]^ The notion of stability condition on triangulated categories, introduced by Bridgeland in 

[8], axiomatizes the notion of stability of branes coming from the study of deformations of 
superconformal field theories (see [10]). The hope is that the space of stability conditions 
on a Calabi-Yau threefold are related to the moduli spaces of complex structures on a 
mirror dual manifold. At present we have examples of Bridgeland stabilities on D b (X) 
for any surface X, however, the problem of constructing such examples for a Calabi-Yau 
threefold is still open (see [2] for a proposal of such a construction). 

The goal of this paper is to test the existence of a stability condition on D b (A) for any 
abelian variety A by looking at certain special objects in D b (A). More precisely, for an 
element u> = ia + (3 G Da C NS(A) <E> C in the complexified ample cone (defined by the 
condition that a is ample) one expects to have a stability condition on D b (A) with the 
central charge 

Z{F)= [ &cp(-u)-ch{F), 

J A 

where F G D b (A). The starting point of this work is the observation that there are certain 
objects in D b (A) that are automatically semistable with respect to any nice stability 
condition (see Prop. 3.1.4). Namely, these are Lagrangian-invariant objects (Li-objects for 
short) defined in [31] (see also Def. 2.1.1). The simplest examples are the structure sheaves 
of points O x . To get other examples one can consider images of O x under autoequivalences 
of D b (A) but in general these do not exhaust all Li-objects (see Remark 4.2.2 and Prop. 
4.2.3). Thus, a stability condition should give a phase for any Li-object F, i.e., a lifting 
of Arg Z(F) G 1R/27tZ to R. Furthermore, a nonzero morphism i*\ — > F 2 can exist only 
if the phase of i*\ does not exceed the phase of F 2 . The main result of this paper is the 
construction of such a phase function associated with each u G Da- We also verify some 
properties of this function that one expects from the theory of stability conditions (see 
Thm. 3.3.2). 
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The major role in our construction is played by the action of a certain group on the set 
SH /N* of classes of Li-objects modulo certain simple equivalence relation (we allow to 
apply translations and tensoring with a line bundle in Pic (A) and with a vector space). 

This group, which we denote U(Q) is a central extension by Z of the group of Q-points of 
an algebraic group U = Ux A defined as automorphisms of the abelian variety Xa = AxA, 
compatible with the skew-symmetric autoduality of Xa- The preimage of the subgroup 

of Z-points in U(Q) is closely related to the group of autoequivalences of D b (A) (see 
[21, 25, 23]). The main idea that brings the Siegel domain Da into picture is that the 
above central extension has a natural interpretation in terms of the action of U(Q) on 

D A (see Theorem 2.3.2). This allows us to parametrize the set SH /W of classes of LI- 
objects by points of a natural Z-covering of the set of Q-points of a certain homogeneous 
algebraic variety LG = LG^ for the group U (the points LG(Q) are in bijection with 
Lagrangian abelian subvarieties in A x A), and the phase function appears naturally in 
this context. 

If dim A = 2 then the stability condition corresponding to u was constructed by Bridge- 
land in [9], and we check that our phases for Li-objects match the ones coming from this 
stability condition (see Section 3.4). 

In the case when A = E n , where E is an elliptic curve without complex multiplication, 
we give a mirror-symmetric interpretation of our picture in terms of Fukaya category of 
the mirror dual abelian variety (following the recipe of [13]). We show that the central 
charge on Li-objects in D b (A) defined using u G Da matches with the integral of the 
holomorphic volume form over the corresponding Lagrangian tori, and hence, that LI- 
objects in D b (A) give rise to graded Lagrangians on the mirror dual side (see Section 
3.5). 

We also observe that the set LG(Q) parametrizing classes of Li-objects also parametrizes 
certain natural collection of t-structures on D b (A), generalizing the ones obtained from 
the standard t-structure by applying autoequivalences (we call them quasi- standard). We 

conjecture that there is also a natural t-structure associated with every point of LG(IR) 
whose heart is equivalent to the category of holomorphic bundles on the corresponding 
noncommutative torus (see [32, 28, 4]). 

Another by-product of our study is a refinement of the results of [21, 13] on the action of 
autoequivalences of D b (A) on numerical classes of objects. Namely, we construct a natural 
double covering Spin — > U of algebraic groups over Q and an algebraic representation of 
Spin on the vector space associated with the numerical Grothendieck group of A, such 
that the action of elements projecting to U(Q) is induced by endofunctors of D b (A) (see 
Thm. 2.5.3). 

The paper is organized as follows. Section 1 contains some auxiliary results not in- 
volving derived categories. In particular, we give an interpretation of the index of a 
nondegenerate line bundle on an abelian variety in terms of the function Argx on the 
complexified ample cone (see Theorem 1.2.1). We also prove some useful results about 
the group U and the variety of Lagrangian subvarieties LG in A x A. In Section 2 we 
study the central extension U(Q) — > U(Q) coming from a natural 1-cocycle with values 



in 0*(Da) and its action on Li-objects in D b (A) and their numerical classes. In Section 
3 we parametrize Li-objects (up to certain equivalence) by points of a natural Z-covering 

LG(Q) —¥ LG(Q) equipped with an action ofU(Q), and construct a family of phase func- 
tions on LG(Q) parametrized by Da x C, equivariantly with respect to U(Q). We also 
study the connection with Bridgeland stability conditions on abelian surfaces (see Thm. 
3.4.3) and with mirror symmetry (see Sec. 3.5). In Section 4 we construct a family of t- 

structures on D b (A) parametrized by LG(Q) and study a relation between LG(Q)/U(Q) 
and the Fourier-Mukai partners of A (see Sec. 4.2). 

Notations and conventions. We work over a fixed algebraically closed field k. We say that 
an object F of a /c-linear category C is endosimple if H.omc(F, F) = k. For a scheme X we 
denote by D b (X) the bounded derived category of coherent sheaves on X. We say that 
an object F G D b (X) is cohomologically pure if there exists a coherent sheaf H such that 
F ~ H[n] for n G Z. We denote by Abq the category of abelian varieties up to an isogeny 
(i.e., the localization of the category of abelian varieties over k with respect to the class 
of isogenies). When we want to consider the F- vector space associated with a Z-lattice 
M, where F — Q, R, or C, as an algebraic variety over F, we denote it by Mp. 

Acknowledgment. I am grateful to Kontsevich for a discussion of the picture in Section 
3.5 involving mirror symmetry. 

1. Preliminaries 
Throughout this paper A denotes an abelian variety over k. 
1.1. Degree, trace and Euler bilinear form. Recall that for / G End(A) one has 

deg(/) = detT,(/) 

where T}(/) is the representation of / on the Tate module Ti(A) for I ^ char(/c) (see [22, 
Ch. 19, Thm. 4]). Thus, extending deg to a polynomial function 

deg : End(A) <g> Q -»• Q, 

homogeneous of degree 2g, we have 

deg(l+t/) = l+t-Tr(/) + 0(t 2 ), 

where Tr(/) is given by the trace of the action of / on Ti(A) £§>z ; Qi- Furthermore, 
/ i— >• Tr(/ • /') is a positive definite quadratic form on End(A) ® Q, where / i— >■ /' is the 
Rosati involution associated with a polarization of A (see [22, Ch. 21, Thm. 1]). 

Let us fix a polarization on A and denote by End(A) + ®Qc End(A) ® Q the subspace 
of elements invariant with respect to the corresponding Rosati involution. Note that the 
quadratic form Tr(/ 2 ) on End(A) + <8> Q is positive-definite. 

Proposition 1.1.1. An element f G End(A)cg>C is determined by the polynomial function 

End(A) ® C -¥ C : x !->■ deg(/ - x). 

Furthermore, if f is invariant with respect to the Rosati involution then it is determined 
by the restriction of the above function to End(A) + ® C. 
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Proof. We have to check that if deg(/i — x) — deg(/ 2 — x) for all x G End(A) then 
/i — /2- Adding to fi and / 2 the same element of End(A) ®Cwe can assume that f\ 
and /2 are invertible in End(A) ®C. Observe also that deg(/i) = deg(/2) (this follows by 
substituting x — 0). Thus, we obtain 

deg(l - x/f 1 ) = deg(/i - x) deg(/i) -1 = deg(/ 2 - x) deg(/ 2 ) _1 = deg(l - x/ 2 -1 ). 

Considering the linear terms in x we derive 

Tr(x/r 1 )=Tr(x/- 1 ). 

The nondegeneracy of the form Tr(fg) implies /-j -1 = f 2 l . 

To prove the second statement, we repeat the above argument letting x vary only in 
End(A)+®C. D 

We always use the standard identification 

NS(A) <g> Q -^- Hom(A, i) + <g> Q : L H> L , 

where Hom(A, A) + cg>Q C Hom(A, A)®Q consists of self-dual homomorphisms. The Euler 
characteristic defines a polynomial function x : NS(A) ® C -> C of degree (7 = dim A, 
which we also view as a function on Hom(A, A) + ® C. One has x 2 — deg (see [22, ch. 

16]). 

Recall that the Grothendieck group Kq(A) carries the Euler bilinear form 

X ([£],[F]):=^(-l)MimHom*(£,F), 

i 

where E,F G -D 6 (A). We denote by M{A) the numerical Grothendieck group, i.e., the 
quotient of Kq(A) by the kernel of this form. M{A) is a free abelian group of finite rank 
(see [14, Ex. 19.1.4]). Associating with a line bundle L its class [L] in M{A) defines a 
polynomial map between free abelian groups of finite rank 

£:NS(A) ->J\f(A). 

Therefore, we have the induced polynomial morphism between the corresponding Q- vector 
spaces 

£:NS(A) Q ^Af(A) Q . (1.1.1) 

Corollary 1.1.2. An element <f> G NS(A) <g> C is determined by the corresponding poly- 
nomial function 

NS(A)->C:xi->xWMW)- 

Proof. Since NS(X) is Zariski dense in NS(A)c, it is enough to prove the similar statement 
with the polynomial function x(£(0),£(-)) on NS(A) <g> C. Note that 

xW),£(x)) 2 = x {£(x - 0)) 2 = deg(:r - 0) 

where we view x and as elements of Hom(A, A) + ® C. Let 0o : ^4 — > A be a polarization. 
Then the map x 1— >■ o ^ 1 ox gives an isomorphism Hom(A, A) + (g>Q — End(A) + (g>Q (and the 
corresponding isomorphism of C- vector spaces). Furthermore, this isomorphism rescales 
deg by the constant deg(0o)- It remains to apply Proposition 1.1.1. □ 



Remark 1.1.3. When the ground field is C we can identify M{A) cg>Q with the subspace 
of algebraic cycles in H*(A,Q) via the Chern character and NS(A) £g> Q with algebraic 
cycles in H 2 (A, Q). Then £ is induced by the exponential map H 2 (A, Q) ->■ H*(A, Q). 

1.2. Characterization of the index of a line bundle. Recall that if L is a nonde- 
generate line bundle on A (i.e., the corresponding map 0^ : A — > A is an isogeny) then 
its index i(L) is defined by the condition H l (A,L) = for i ^ i(L). We will use the 
following recipe for computing i(L): it is the number of positive roots of the polynomial 
P{n) = x(L <8> Lq), where L is an ample line bundle on A (see [22, ch. 16]). The index 
function i(-) extends uniquely to a Q >0 -invariant function on NS(A)q. 

Let Da C NS(A) ® C be the complexified ample cone. Note that the function deg and 
hence x does not vanish on Da (see [13, Lem. A. 3]). Since Da is simply connected, there 
is a unique continuous branch of the argument Arg(x( x )) on Da, such that for x = iH, 
where H is an ample class (an element of the ample cone) we have Arg(x{iH)) = gn/2, 
where g = dim A. It is easy to see that this branch does not depend on a choice of H. 
Then for class x G NS(A) £g> K. with x( x ) 7^ we can define by continuity the argument 
Arg(x(x)), i.e., we set 

Arg(x(x)) = lim Arg(x(x + itH)), 

where H is an ample class. Note that since x( x ) i s real, the number Aig(x{x))/ir is an 
integer. 

Theorem 1.2.1. For the continuous branch of Arg(x{-)) on Da, satisfying Arg(x{iH)) = 
g7r/2 (where H is ample), one has 

Arg(x(x)) = i(x)n 

for every x G NS(A) ® Q with xi x ) ¥" 0- 

Proof. First, let us consider the case when x is in the ample cone. For zeCwe have 

x{zx) = z 9 ■ x( x )- Thus, varying zona unit circle from 1 to i we obtain 

gix 
kxg{x{ix)) = Arg(x(s)) + -y 

Since Arg(x(ix)) = 5 r vr/2, we obtain that Arg(x(x)) = 0. Next, assume x G NS(A) C 
NS(A) <8> Q. Then for any ample class H the polynomial 

P(t) = X (x + tH) 

has i(x) positive roots, counted with multiplicity (see [22, ch. 16]). Let < ti < . . . < t r be 
all the positive roots of P(t). For t ^> the class x+tH is ample and so Argx(x+tH) = 0. 
Now we are going to decrease t until it reaches zero and observe the change of Arg(P(t)) = 
Arg(x(a; + tH)). Note that it can only change when t passes one of the roots tj. If tj is a 
root of P(t) of multiplicity rrij, then for sufficiently small e > one has 

Aig(P(tj - e)) = Axg(P(tj + e)) + m^. 

Adding up the changes we get 

Arg(x(a;)) = Arg(P(0)) = i(x)ir. 

Since i(x) does not change upon rescaling by a positive rational number, the assertion for 
any x G NS(A) ® Q follows. D 



Corollary 1.2.2. For the branch o/Arg(deg(-)) on Da normalized by Arg(deg(iH)) = g-n 
one has 

Arg(deg(:r)) — i(x) • 27r 
for any x G NS(A) £g> Q such that deg(:r) ^ 0. 

We will also need some information on the restriction of Arg(x(-)) to lines of the form 

iH + Rx C D A . 

Lemma 1.2.3. (i) For any ample class H G NS(A) ® Q and any x G NS°(A,Q) let us 
choose any continuous branch o/t i— )■ Arg(x{iH + tx)) , where t Gl. Then for < t\ < ti 
one has 

Arg(x{iH + hx)) -(g- i(x))- < Arg(x{iH + t 2 x)) < Arg(x{iH + ttf)) + i(x)-. 

1 (f.2.1) 

(ii) For any continuous branch of Arg(deg(-)) on Da one has 

Arg(deg(w)) < Arg(deg(iH)) + gn 

for any ui G Da, where H is an ample class. 

Proof, (i) Indeed, the polynomial 

P{t) = X (iH + tx) = i 9 X (H + -x) 

has all roots purely imaginary, and exactly i(x) of them in the upper half-plane, counted 
with multiplicity (see [22, ch. 16]). Let us write P(t) — c • (t — Zi) • . . . • (t — z g ). Since 
P(t) 7^ for all t G K, we can choose for every j = 1... ,g a continuous branch of 
t i— > Arg(t — Zj) along the real line and use the branch 

ArgP(t) = Arg(c) + Arg(t - zi) + . . . + Arg(t - z g ). 

Suppose the roots z lt . . . , zu x ) are m the upper half-plane while Zj for j > i(x) are in the 
lower half-plane. Then for each j > i(x) the function 1 1— ¥ Arg(t — Zj) is strictly decreasing 
and we have 

Arg(ti - Zj ) - | < Arg(t 2 - Zj ) < Arg(t! - Zj ). 

On the other hand, for j < i(x) we have 

Arg(ti - zj) < Arg(t 2 - Zj ) < Arg(ti - Zj) + |. 

Summing up over all the roots gives (1.2.1). 
(ii) Applying (1.2.1) to t\ — and ti = 1 we get 

Arg( X (iH + x)) < Arg( X (iH)) + i(x)| < Arg(x(^)) + g^. 

Since deg = x 2 on NS, we get the required inequality for points in Da with rational real 
and imaginary part. The general case follows by continuity. □ 
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1.3. The group U Ax ^. Recall (see [21], [24], [23], [13]) that with every abelian variety A 

one can associate an algebraic group U = Ux A over Q, where Xa '■= Ax A, as follows. For 
every FcQwe define the group of F-points U(F) as a subgroup of invertible elements 
of the algebra End(X^) ® F consisting of 

g = ( a , j G End(X A ) <g> F with a G Hom(A, A) <g> F, b G Rom(A, A) <g> F, etc., 

such that 

# _1 = (^ ~ b j G End(A x A) <g> F. 

The arithmetic subgroup 

U(Z) := U(Q) n End(A x A) 

is closely related to the group of autoequivalences of D b (A) (see [23]). When we view the 
matrix element b above as a function on U(F) we denote it by b(g). 

Our point of view is to consider Xa as a "symplectic object" in the category of abelian 
varieties using the skew-symmetric self-duality t\a '■ Xa-^Xa associated with the biex- 
tension p\{P <8> v\{P~ X °f -^a x Xa (see [25], [31]). Then elements of U(Z) are precisely 
symplectic automorphisms of X^, i.e., automorphisms compatible with i]a- The develop- 
ment of this point of view in [31] was to view elements of U(Q) as Lagrangian correspon- 
dences from Xa to itself, which allowed us to define endofunctors of D b (A) associated 
with elements of U(Q) (see [31, Sec. 3] and Sec. 2.1 below). 

Note that we have the algebraic subgroup T ~ (End(A)Q)* C U consisting of diagonal 
matrices of the form 



The following facts about the group U follow easily from Albert's classification of the 
endomorphism algebras of simple abelian varieties (see [24], [13]). 

Lemma 1.3.1. (i) Let us fix a polarization : A — >■ A and let Z C T be the algebraic 
subgroup corresponding to a G (End(A)Q))* such that a lies in the center o/End(A)(Q and 
or 1 = (f)~ l a<f). Then the group U is an almost direct product of the semisimple commutant 
subgroup SXJ and of Z. 

(ii) The algebraic group U is connected, and the Lie group U(R) is connected (with respect 
to the classical topology). 

We denote by U° C U the Zariski open subset given by the inequality deg(b(g)) ^ 0. 
Note that for any g G U°(1R) we have deg(b(g)) > (since the function deg is nonnegative 
on Hom(A, A) ®R). 

The following condition on a subset of a group was introduced in [34, IV. 42] (the term 
is due to D. Kazhdan). 

Definition 1.3.2. Let G be a group. A subset B C G is called big if for any gi, #2, 9s G G 

one has 

B- 1 n B 9l n Bg 2 n Bg 3 ^ 0. 

This notion is useful because of the following result (part (i) is due to Weil and part 
(ii) is a more precise version of [26, Lem. 4.2]). 



Lemma 1.3.3. (i) Let B C G be a big subset. Then G is isomorphic to the abstract 
group generated by elements [b] forb G B subject to the relations \b-\\\b 2 ] = [bib 2 ] whenever 
&1&2 EB. 

(ii) Let Z be an abelian group (with the trivial G-action). Let c, c' : G x G — >■ Z be a pair 
of 2-cocycles such that 

c(b l} b 2 ) = c'(b u b 2 ) 
for any b\,b 2 G B with b\b 2 G B. Let p : G c — >■ G (resp. p' : G c > —¥ G) be the extension 
of G by Z associated with c (resp., d), and let a : G — >■ G c (resp., a' : G — > G c i) 
be the natural set-theoretic sections. Then there is a unique isomorphism of extensions 
i : G c — ?■ G c t such that i(a(b)) = o-'{b) (and identical on Z). 

Proof, (i) This is [34, IV.42, Lem. 6]. 

(ii) Note that the subset p~ 1 (B) C G c (resp., (p')~ 1 (B) C G c >) is big. Thus, we can define 
a homomorphism G c — > G c > be requiring that it sends zo~(b) to za'(b) for b G B, provided 
we check the compatibility with the relations 

cr(6i)cr(6 2 ) = c(bi,b 2 )o-(bib 2 ), 

a'(b 1 )a'(b 2 ) = c'(b l ,b 2 )a'(b 1 b 2 ), 
whenever b\, b 2 , b\b 2 G B. But this boils down to the equality c(bi, b 2 ) = c'(b\, b 2 ). D 

Next, we will show that the subset U°(Q) C U(Q) (resp., U°(R) C U(R)) is big. Note 
that the subset U (Q)flU(Z) in the arithmetic group U(Z) is also big (see Remark 1.4.2). 

Lemma 1.3.4. For any field extension QcF the set U(F) is Zariski-dense in U. Hence, 
the subset U°(F) C U(F) is big in U(F). 

Proof. Since U is connected, density of U(F) follows from [6, Cor. 18.3]. Thus, for any 
Qii 92, 9z E U(F) the intersection U° fl U°gi fl U ^ H U°(?3 contains a point of U(F). □ 

The group U has two natural parabolic subgroups: P + is the intersection of U with the 
subgroup of upper-triangular 2 x 2-matrices in End(A x A)q, and P~ is the intersection 
with the subgroup of lower-triangular matrices. We also denote by N + C P + (resp. 
N~ C P _ ) the subgroup of strictly upper-triangular (resp. strictly lower-triangular) 
matrices. Note that both N + and N~ are isomorphic to NS(A)q. 

Lemma 1.3.5. Any normal subgroup o/U(Q) containing P~(Q) is the entire U(Q). 

Proof. Since P + (Q) is conjugate to P~(Q) by an element 



/ 

where <fi : A — > A is a polarization, it is enough to check that U(Q) is generated by the 

subgroups P + (Q) and P~(Q). We can write any g = I , G U(Q) with invertible a 

as 

1 OWa 0\ A a- x b 



■ } ' ca- 1 1 j ' [ a' 1 I V I 



Finally, any element of U°(Q) has form gw^ with g as above. Thus, the statement follows 
from Lemma 1.3.4. □ 

1.4. Action of U(Q) on Lagrangian subvarieties. Recall that an abelian subvariety 
L C Xa = A x A is isotropic if the composition 

L — y Xa *- Xa —t L 

is zero, where t]a is the standard skew-symmetric self-duality If in addition dim L = dim A 
then L is called Lagrangian (for other equivalent definitions see [31, Sec. 2.2]). In this 
case i]a induces an isomorphism Xa/ L ~ L. 

To enumerate all Lagrangian abelian subvarieties in Xa it is convenient to work in the 
semisimple category Ab<Q of abelian varieties up to isogeny. Note that abelian subvarieties 
of Xa are in natural bijection with subobjects of Xa in the category AbQ. Thus, we can 
use a similar notion of a Lagrangian subvariety in AbQ. Now if L C Xa is Lagrangian then 
we have an isomorphism Xa — L © L in Ab<q, which implies that L is isomorphic to A in 
Abq. Thus, we can describe a Lagrangian subvariety (in the category Abq) as an image 
of a morphism A — > Xa, i.e., by a pair (x,y), where x G End(A) ©Q, y G Hom(A, A) ©Q. 
The isotropy condition is the equation 

yx = xy. 

The existence of a splitting Xa — > A in A&q is equivalent to the condition 

(•) (End(A) © Q)x + (Hom(i, A) <g> Q)y = End(A) <g> Q. 

The pairs (xi,yi) and (0:2,1/2) define the same subvariety if and only if there exists an 
automorphism a of i in Abq such that x 2 = Xia, y 2 = y\Ct- Thus, we obtain an 
identification of the set of Lagrangian subvarieties in Xa with the set 

LG(Q) := {(x,y) I yx = xy, (-k)}/(x,y) ~ (xa,ya), (1-4.1) 

where x G End(A) ® Q, y G Hom(A, A) <g> Q and a G (End(A) ® Q)*. We denote by 
(x : y) G LG(Q) the equivalence class of (x, y) G End(A) <g> Q © Hom(A, A) © Q. 

Fixing a polarization on A we can identify A with A, so that the dualization gets re- 
placed by the Rosati involution x 1— >■ x' on A :— End(A)©Q. We claim that the set LG(Q) 
can be identified with the set of Q-points of a certain homogeneous projective variety LG 
for the group U (a subvariety in the Grassmannian of right rank-1 A-submodules in A 2 ). 
Here the action of U on LG is induced by the natural action of End(X j 4) ( Q on pairs (x, y) 
(viewed as column vectors). Consider the point (0 : 0o) G LG(Q), where 0o : A — > A is 
a polarization, (the corresponding Lagrangian is x A C Xa)- Note that the stabilizer 
subgroup of is the subgroup P~ C U of lower triangular matrices. Thus, we define 

LG = LG A = U/P . 

The fact that the set (1.4.1) is indeed the set of Q-points of LG follows from the tran- 
sitivity of the action of U(Q) on the set of Lagrangian subvarieties that we will prove 
below (see Prop. 1.4.3). 

We start with the following useful result. 



Proposition 1.4.1. For any collection of Lagrangian subvarieties L 1; ... ,L r G Xa there 
exists an element g G U(Z) such that all the Lagrangians gL±, . . . ,gL r are transversal to 
{0} xi 

Proof. We use an argument similar to the first part of the proof of [31, Thm. 3.2.11]. 
Consider elements in U(Z) of the form g^ b for some polarization b : A — > A, where n G Z. 
Then the condition that g^ h Li is transversal to {0} x A is equivalent to L, being transversal 
to gt nb ({0} x A) — T(—nb). By [31, Lem. 2.2.7(H)], the latter transversality holds for all 
n except for a finite number. □ 

Remark 1.4.2. The above Proposition immediately implies that subset U° fl U(Z) of 
the group U(Z) is big (see Sec. 1.3). Indeed, for any given g 1 , . . . ,g r E U(Z) consider the 
Lagrangian subvarieties Li = <?j({0} x A) G Xa, i — 1, . . . , n. Then we can find g G U(Z) 
such that gLi = ggi({0} x A) for % — 1, . . . ,n are transversal to {0} x A. Thus, we get 
ggi G U° as required. The same proof works for any finite index subgroup T C U(Z). 
The fact that U° flT is a big subset of T was stated in [26, Lem. 4.3]. However, the proof 
in loc. cit. was not correct: it relied on the absence of compact factors in STJ(IR), which 
is not always the case (see [13, Cor. 5.3.3]). 

Lagrangian subvarieties in Xa, transversal to x A, are all graphs T(f) of symmetric 
homomorphisms / G Hom(A, A) + ®Q (see [31, Ex. 2.2.4]). This corresponds to points of 
LG(Q) of the form (1 : /), which are precisely Q-points of a Zariski open subset 

NS(A) Q ~ N"^P-/P" c LG, (1.4.2) 

where w^ is given by (1.3.1), and N~ C U is the subgroup of strictly lower triangular 
matrices. In other words, the subset (1.4.2) is just the N~-orbit of the point (1 : 0) G LG. 

Proposition 1.4.3. (i) The action o/U(Q) on the set of Lagrangian subvarieties in Xa 

is transitive. 

(ii) The action of \J(M.) on LG(R) is transitive. 

Proof, (i) The subgroup N"(Q) ~ NS(A) <g>Q acts on the subset NS(A) Q C LG by trans- 
lations, so the corresponding action on the set of Q-points is transitive. By Proposition 
1.4.1, any point of LG(Q) is obtained from a Q-point of this subset by an action of U(Z), 
so the required transitivity follows. 

(ii) As is well known, it suffices to check triviality of the kernel of the map of Galois 
cohomology if 1 (IR, P~) —¥ i/ 1 (lR, U). Since P~ is a semi-direct product of Y\ i GL ni (Di) 
(where Di are skew-fields) and of G™, in fact, the set iJ 1 (IR, P~) is trivial. □ 

The description (1.4.1) of Q-points of LG can be extended to a similar description of 
LG(F), where F = R or C, so we can still use homogeneous coordinates (x : y), where 
x G End(A) ® F, y G B.om(A, A) <g) F to describe points of LG(F). 

The complexified ample cone Da C NS(A) <g> C is a hermitian symmetric space (a tube 
domain) with the group of isometries U(M) (see [21, Sec. 5], [13, Sec. 8]). Namely, the 
group U(R) acts on Da by 

g (u) = {c + du){a + buy l . (1.4.3) 
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This action is well denned since deg(a + 6o;) 7^ for u G Da (see [13, Lem. A3]). Further- 
more, it is transitive and the stabilizer of a point u G Da is a maximal compact subgroup 
of U(R) (see [13, Thm. Al]). Also, the natural embedding 

D A «->■ LG(C) :wh>(1:w) 

is U(IR)-equivariant. 

2. LI-FUNCTORS AND CENTRAL EXTENSIONS 

2.1. Li-objects and functors. Recall that every object if C -D 6 (A x A) gives rise to a 
functor of Fourier-Mukai type 

§ K : D\A) ->■ D 6 (A) : F ^ Rp 2 *(pl F ® L *0, 

where pi and p 2 are projections of A x A to its factors (we refer to K as the kernel of 
the functor $^). The composition $^ x o $ X2 corresponds to the convolution of kernels 
K 2 oa Ki (see [19], our notation is as in [30]). 

Recall that in [31] we have extended the relation between autoequivalences of D b (A) 
and the group U(Z) (see [25], [23]) to a construction of endofunctors of D b (A) (given by 
kernels on A x A) associated with elements of U(Q), suitably enhanced. Namely, with 
every element g G U(Q) we associate its graph L(g) C Xa x Xa, which we view as a 
Lagrangian subvariety in Xa x Xa with respect to the symplectic self-duality (— tja) x Va 
(see [31, Sec. 3.1]). The corresponding kernel on A x A is constructed as a generator of 
the subcategory of L(g)-invariants with respect to the action of Xa x Xa on D 6 (A x A). 

More precisely, every Lagrangian subvariety L C X4 can be equipped with a line bundle 
a such that we have an isomorphism of line bundles on L x L 

a h+h ® a*; 1 ® aj" 1 - V PA{h) , PA{h)l (2.1.1) 

where p^ : L — >■ A and p^ : L — >■ A are the projections, and V is the Poincare bundle 
on A x A. We refer to (L, a) as Lagrangian pair, For every such pair (L, a) there exists 
a unique up to an isomorphism endosimple coherent sheaf Si, a on A together with an 
isomorphism 

{S L ,a)x+ PA (i) ® ^, PA (o ®«i^ (5 , L, a )x (2-1-2) 

onixi (where I e I, 1 G A), satisfying certain natural compatibility condition. We 
view this condition as invariance with respect to the lifting of L to the Heisenberg groupoid 
H = Ha, acting on D b (A) (and on D b {A x S) for any scheme S). By definition, H is a 
Picard groupoid extension of Xa by the stack of line bundles, so its objects over a scheme 
S are pairs: a point (x,£) G Xa{S) and a line bundle C on 5. The group operation is 
determined by 

(xi, &) • (x 2 , 6) = ^W 2 • (&i + a: 2 , £1 + 6)- 
The action of (x,£) G A^(S') C H(S') on D b (A x 5) is given by the functors 

F^T M (F) = Vs®t* x F, (2.1.3) 

where V^ is the line bundle on A x S corresponding to £ G A(5'). A choice of a line 
bundle a satisfying (2.1.1) gives a lifting of L to a subgroup of H, and the left-hand side 
of (2.1.2) is the result of the action of I G L on Sl i0 ,. 
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Definition 2.1.1. Li-objects are cohomologically pure nonzero objects in D b (A) that can 
be equipped with (L, a)-invariance isomorphism (2.1.2) for some (L, a) as above. In fact, 
they are all of the form Sf n a [m\ for some (L, a), n G N and m G Z (see [31, Thm. 2.4.5]). 
Let SH (A) denote the set of isomorphism classes of Li-objects on A. In this work we 
work mostly with the set SH (A) of Li-objects viewed up to the action of H(/c), i.e., up to 
translations and tensoring with line bundles in Pic (A). We will refer to this equivalence 
relation as H-equivalence. 

We will use the notation N ■ F :— F® N for an Li-object F . This defines an action of 
the multiplicative monoid N* on SH (A). 

Proposition 2.1.2. There is a well-defined map 

LG(Q) ->■ M LI {A) : L h* S(L) 

sending a Lagrangian subvariety L C Xa to the class of the Li-sheaf Sl^, where (L,a) is 
a Lagrangian pair extending L. The map 

LG(Q) x N* x Z ->■ $R LI (A) : (L, N, n) H> N ■ S(L) [n] 
is a bisection of"N* x Z-sets. 

Proof. The fact that S(L) depends only on L follows from [31, Lem. 2.4.2]. The second 
statement follows from [31, Thm. 2.4.5] about the structure of the category of (L,a)- 
invariants in D b (A) and [31, Cor. 2.4.11] stating that L can be recoved from Si, a - D 

Recall that for an element G NS(A) <g> Q ~ Eom(A,A) + ® Q the graph T(0) is a 
Lagrangian subvariety of X^. Furthermore, these graphs are precisely all Lagrangians 
L C Xa such that the projection L — > A is an isogeny. The sheaf Sr(<p), a associated with 
a Lagrangian pair (T(<f>),a), is a simple semihomogeneous vector bundle with Ci/rk = <fi 
(see [20]). For G NS(A) ®Qwe denote the H-equivalence class of this bundle by 

V* = S(r(<f>)). (2.1.4) 

The above construction of Li-sheaves can be applied to Lagrangian subvarieties L C 
Xa x Xb for a pair of abelian varieties A and -B, where we use the symplectic self- 
duality {—i]a) x i]b of Xa x X^. We refer to the corresponding Lagrangian pairs (L,a) 
as Lagrangian correspondences from Xa to Xb- The obtained Li-sheaves Sl^ onAx5 
can be used as kernels of Li-functors 

$ L , a := ® SLa : D\A) -► D 6 (S). 

The key property of these functors is that we have canonical isomorphisms 

®L, a o T pi( i) ~ a; ® T P2(0 o $ Lia (2.1.5) 

for / G L, where pi,P2 '■ L — > X^ are two projections. Note that every exact equivalence 
_D 6 (A) — >■ D b (B) is given by such an Li-functor with L being the graph of a symplectic 
isomorphism X A — X B (see [23]). 

Let pab '■ L — ?> Ax B, p A ^ : L ^- A x A and p BB : L — > B x B be the projections. The 
line bundle a can always be chosen in such a way that its restriction to the connected 
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component of zero in ker(pAe) is trivial. In this case Sl j(X is a direct summand in 

Pab* {a- l ®P AA V~ l ®p* B zP) (2.1.6) 

(see [31, Lem. 3.2.5]). In the case when pab is an isogeny the finite group scheme ker(p^#) 
has a canonical central extension Hl by G m with the underlying line bundle a|ker(p AS )- 
Furthermore, Hl is a Heisenberg group scheme and (2.1.6) has a natural //^-action, so 
that 

S L , a = Pab* i®' 1 ® PaA^ 1 ® Pbb V Y . (2- 1 - 7 ) 

for a maximal isotropic subgroup / C ker (pab) lifted to Hl- It follows from the theory 
of weight one representations of Heisenberg groups that taking /-invariants reduces rank 
by the factor of | ker (p ab) I 1 ^ 2 , so we get 

rkSz^ = deg(p AB :L^Ax B) 1 ' 2 . (2.1.8) 

In particular, for B = we get 

TkV <t> = det(p A :T(<t>) ^A) 1/2 . (2.1.9) 

Example 2.1.3. The functor of tensoring with a line bundle L on D b (A) commutes with 
the action of A and satisfies 

L®(t* x F)~V. lltUx) ®t* x (L®F). 

In fact, it is the LI- functor corresponding to g-<f, L — I , . , ) • More generally, for 

G NS(A) ® Q the Li-functor corresponding to the element g-$ G N~(Q) is the functor 
of tensoring with the semihomogeneous vector bundle V^ (up to H-equivalence). 

The above construction gives a map 

U(Q) -► M LI (A xA):g^ S(g) = S(L(g)). (2.1.10) 

We denote by $ 9 G F\m(D b (A),D b (A))/~H. the functor associated with the kernel S(g), 
defined up to composing with a functor of the form T( x ,£), (%,£) G Xa (on either side). 
For each (x, £) G Xa we have (noncanonical) isomorphisms 

where iV is such that iVg G End(X^). 

Note that we have a well defined homomorphism induced by Q g 

Definition 2.1.4. Let F be a cohomologically pure object of D b (A) and let G be an 
endosimple Li-object. We write 

F = N-G 

if there exists n G Z such that F[n] and G[n] are sheaves and F[n] has a filtration of 
length N such that each consecutive quotient is H-equivalent to S{g\g2). In the case of 
sheaves onAxAwe will use the same notation for the relation between the corresponding 
endofunctors of D b (A). 
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One of the main results of [31] is the following calculation of the convolution of kernels 
(see [31, Thm. 3.3.4]): 

S(g 2 ) o A S( 9l ) = N( 9l ,g 2 ) ■ S( gi g 2 )[X( gi ,g 2 )}, (2.1.11) 

for some 2-cocycles N(gi,g 2 ) and X(g±, g 2 ) of U(Q) with values in N* and Z, respectively. 
1 Furthermore, we have 

N ^ S > )= 5 (L( 9l92 ))V* ' < 2 ' L12 > 

where 

q(g) = q{L{g)) = deg( Pl : L(g) -+ X A ). (2.1.13) 

Also, for #i, g 2 G U°(Q) such that gig 2 G U°(Q) one has 

AG?!, g 2 ) = - l (b(g 1 )- l b(g 1 g 2 )b(g 2 )- 1 ). (2.1.14) 

Note that in order for the right-hand side to be well-defined the argument of i(-) should 
be symmetric. This indeed follows from the equality 

bi l (aib 2 + bid 2 )b 2 l = b^ai + d 2 b 2 x , 

where we use the usual notation for the entries of g\ and g 2 . 

Definition 2.1.5. We denote by U(Q) the central extension of U(Q) by Z associated 
with the 2-cocycle A(-, •)• Explicitly U(Q) = U(Q) x Z with the product 

(#1, wi) • (g 2 , n 2 ) = (g x g 2 , n x + n 2 + X(g u g 2 )). 
Note that since the subset U°(Q) C U(Q) is big (see Lemma 1.3.4), by Lemma 1.3.3(h), 
the formula (2.1.14) determines the extension U(Q) uniquely up to a unique isomorphism. 

Let us denote by SH (A)/N* the set of equivalence classes with respect to the equiv- 
alence relation generated by F ~ iV • F for some N G N*. By (2.1.11), the map 
g I—)- S(g) modN* defines a homomorphism of monoids 

U(Q) ->• M LI {A x A) op /W, (2.1.15) 

and hence a homomorphism of monoids 

U(Q) -»• Fun(D b (A), D b (A))/(H xf): S 4 $ g , (2.1.16) 

where on the right we consider functors up to H-equivalence and up to replacing $ with 
N ■ $ = $ eAr . 

On the level of numerical Grothendieck groups we can eliminate taking quotient by N*. 
Namely, let us set for g G U(Q) 

P(9) = -t4L ■ N( A ) ® K ->• N(A) ® R. (2.1.17) 



In [31, Thm. 3.3.4] we made the assumption char(fc) = which implies a stronger statement: the 
left-hand side of (2.1.11) is a direct sum of objects H-cquivalent to the right-hand side. It is easy to see 
that the same argument in the positive characteristic case gives a filtration instead of a direct sum. 
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Then from (2.1.11) and (2.1.12) we derive that 

p(9i)p(92) = (-l) M91 ' 92) p(g l9 2), 

where gi,g 2 G U(Q). Thus, p defines a homomorphism from U(Q) to GL(N{A) £g> R), 

trivial on the central subgroup 2Z C Z C U(Q). Note that the quotient U(Q)/2Z is 
a double cover of U(Q). Below we will introduce an algebraic structure on this double 
cover and will show that p is induced by an algebraic homomorphism defined over IR (see 
Sections 2.3 and 2.5). 

2.2. Splittings over subgroups. We are going to define a splitting of the central ex- 
tension U(Q) — ¥ U(Q) over the parabolic subgroup P + (Q) C U(Q) of lower-triangular 
matrices (resp., over the subgroup P _ (Q) of upper-triangular matrices). Note that 
P + (Q) is a semidirect product of the subgroups of strictly upper triangular matrices 
N+(Q) ~ NS(A) <g> Q and of diagonal matrices T(Q) ~ (End(A) <g> Q)*. 



Proposition 2.2.1. (i) There exist unique liftings of the subgroups N + (Q) and N 

to U(Q). The lifting of the element gt = I „ 1 ) ; where £ NS (A, Q) is given by 

(g$,i(<f>)) e U(Q). The lifting of the element g~ = I J, where G NS°(A,Q) is 



given by (g.,0) G U(Q). The corresponding functor $ - (defined up to H- equivalence) is 
given by tensoring with the semihomogeneous bundle V_^ ('see (2.1.4),). 

fzzj For t — t a — I „ „ J G T(Q) we /iawe (up to H- equivalence) 

S(t) = o B 

for some abelian subvariety B G A x A such that the two projections p,q : B — >■ A are 
isogenics. Hence, the functor $ t is of the form q*p* (up to H- equivalence). 
(Hi) For any t G T(Q) and g G U(Q) one has X(t,g) = 0. 

Proof, (i) Uniqueness of liftings follows from the fact that there are no non-trivial homo- 
morphisms from a Q- vector space to Z. Thus, to check the formula for the lifting of gf 
we have to check that 

s(g£) o s(sl) = sbl^Mfa + 2 ) - <(&) - i(0 2 ), 

for 0i, 2 G NS°(A, Q) such that 0i + 2 G NS°(A, Q). But 

%£,<?£) = -^r 1 ^ + 2 )0 2 - 1 ) = -^r 1 + 2 _1 ), 

so we are reduced to showing that 

i^ 1 + fe 1 ) = i(0i) + i(h) ~ i(<i>i + 2 ). 
Since 

i(0r' + 02 _1 ) = *(0i (^r 1 + 0^)01) = *(& + 0i0jVi), 

this follows from [27, Prop. 15.8] (taking into account that i(— x) = g — i{x))- 
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Since the composition of functors ®V^ and ®V^, 2 is again tensoring with a bundle that 
has a filtration with consecutive quotients H-equivalent to V^ 1+( ^ 2 , the assertion about the 
lifting of gj follows (cf. Ex. 2.1.3). 

(ii) Assume first that a G End(A). Then L(t a ) ~Axi and its embedding into X A x -X"^ 
is given by 

(x,0 h-> (ax,£,x,a£). 
This implies that (L(t a ), O) is a Lagrangian correspondence from X^ to itself, so (2.1.6) 
in this case gives that 

Sl{u),o - (a, id A )*0 A 
and the corresponding functor $ ta is the pull-back functor a*. Similarly, if a -1 G End(A) 
then 

S'LCtaj.o - (i<U, a -1 )*£U 
and the corresponding functor $ ta is the push-forward functor (a -1 )*. The general case 
is obtained by combining these two. 

(iii) We have to check that the convolution S(g) o A S(t) is a sheaf. Indeed, using the form 
of S(t) from (ii) we obtain 

S(g) o A S(t) ~ (id A xg),(id A Xp)*S(g), 

where p,q : B ^- A are isogenies. D 



Corollary 2.2.2. There is a unique splitting of the central extension U(Q) — > U(Q) over 
P+(Q) C U(Q) (resp., over P~(Q)y>, which maps t G T(Q) to (t, 0) G U(Q). 

2.3. Identifying central extensions. Recall that D A C NS(A) <g>C ~ Hom(A, A)+ <g)C 
denotes the complexified ample cone of A. 

Consider the function A : U(M) — ¥ 0*{D A ) given by 



9=[ c d ) ^ A (#)( w ) = deg(a + 6w), 



where cu G -D^. 

Lemma 2.3.1. For #i,<?2 G U(K) one /ios 

A( 0l o 2 )H = A( 0l )(o 2 ( w )) • A(o 2 )H, (2.3.1) 

i.e., A is a 1-cocycle. 
Proof. This follows from the identity 

a + bu = (oi + 6i5 r 2(w))(o 2 + & 2 w), 

where # = ( "' ^ J for i = 1, 2 and aia 2 = ( " ^ J . D 

Since D A is contractible, we have an exact sequence of U(lR)-modules 

-)■ Z -> 0(D A ) cxp(2 "^ O*^) ->• 0. 
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Applying the boundary homomorphism i^ 1 (U(IR)) — > if 2 (U(Z)) to the 1-cocycle A(g) 1 
we obtain a central extension U A of U(R) by Z. Explicitly, 

U A = {(g,f) G U(R) x 0(D A ) | A(o) = exp(-2«/)}. 

The multiplication rule on U A uses the cocycle condition on A: we set 

(91, fi) ■ (92, /2) = (#i#2, hM-)) + /2)- 

Theorem 2.3.2. There is a homomorphism 1 : U(Q) — > £/ A 7 lifting the natural embedding 

U(Q) — > U(R) and sending n G Z C U(Q) to (l,n) G f/ A . T/izs homomorphism is 
uniquely characterized by the condition that for g G U°(Q) one has 

L(g,0) = (g,f), 

where 

lim Ref(inH) — — — 

/or any ample class H. 

Proof. First, we are going to define a section a : U°(R) — ¥ U A of the projection U A — > 
U(R) over the open subset U°(R) C U(R) consisting of g with deg(6(o)) 7^ 0. Note that 

for g = ( a , j G U°(R) one has 

A(g)(cj) = deg(a + bu>) = deg(6) • deg(6 _1 a + uj). 

Since deg(6) > 0, to define a(g) = (0, /J) amounts to choosing a branch of the argument 
for deg(6 _1 a + u)~ l . Let us choose the branch of the argument of deg(6 _1 a + u) in such 
a way that 

lim Arg(deg(6 _1 a + inH)) = n ■ g, 

n— >+oo 

where H is an ample class and set Arg(A(o)(a;) _1 ) = — Arg(deg(6 _1 a + o;)). Then we set 
i(g, 0) = o~(g) for g G U°(Q). Since U°(Q) is big in U(Q), by Lemma 1.3.3, it remains to 
show that for 01,02 G U°(Q) such that O1O2 G U°(Q) one has 

o-(gi)o-(g 2 ) = ff(oio 2 ) • (l,A(oi,o 2 )). 

In other words, we have to check that 

fl(g 2 (u)) + /;» = fl g2 (u) + X( gi ,g 2 ), 

or equivalently, that with the above choice of Arg(A(o)) one has 

Arg(A(o!)(o 2 H) + Arg(A(«? 2 )(u;)) = Arg(A( gi g 2 )(uj)) - 2vr • X(g 1} g 2 ). 

(2.3.2) 

It is enough to check the equality of the limits of both sides for u = inH as n goes to 
infinity (where H is an ample class). Let Oj = I * J \ for i = 1, 2. Note that 

lim g 2 {inH) = d^ 1 - 

n— >oo 

Thus, (2.3.2) reduces to the equality 

Arg(A(o 1 )(rf 2 6 2 - 1 )) = -2n\( 9l ,g 2 ) = ^(6r 1 6(o 1 o 2 )6 2 - 1 ). 
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But 

Arg(A(( 7l )(rf 2 6 2 - 1 )) = Arg(deg(6^ 1 a 1 + d 2 b 2 l ) = Aig(deg(b^ 1 b(g 1 g 2 )b 2 1 ) = 
2vr • l (b- 1 b(g 1 g 2 )b 2 1 ) 
by Corollary 1.2.2. □ 

The central extension U A — ¥ U(R) has a natural continuous splitting over the subgroup 
P~(R) C U(R). Indeed, for g G P~(R) we have A(g) = deg(a) > 0, so we can lift g to 

vp-(g) = (g,-7r- l °s( de s(a))), 

where we choose log(deg(o)) to be in R. The following result will be useful for us later. 
Lemma 2.3.3. The restriction of the above lifting homomorphism P~(R) — > U A to 

P~(Q) corresponds via i to the lifting homomorphism P _ (Q) — > U(Q) considered in 
Corollary 2.2.2. 

Proof. By Proposition 2.2.1(i), it is enough to check the compatibility of liftings on T(Q). 
In view of Proposition 2.2. l(iii) this follows from the equality 

o-p-(t)o-(g) = a(tg) 

for any g G U°(Q), where a : U°(R) — V U A is the section used in the proof of Theorem 
2.3.2. □ 

Similarly, the extension U A — > U(R) has a natural continuous splitting over P + (R), 
which is the same as before over T(R), and over N + (R) is described as follows. 

Lemma 2.3.4. There is a unique splitting ofU A — > U(R) owerN + (IR) ~ NS(A, R) which 
is given by the branch of 

ArgA _1 | N+(R) = Argdeg(l + tjw) 

that tends to as u ->■ 0, where ip e NS(A, R) ~ Hom(A, A)^. 

Proof. It is straightforward to check that this choice of argument gives a lifting. The 
uniqueness follows from the fact that there are no nontrivial homomorphisms from a real 
vector space to Z. □ 

Let us consider the induced double cover U A /2Z — > U(R). We are going to introduce 
an algebraic structure on this group. 

Lemma 2.3.5. Consider a field extension Q C F , where either F = R or F is al- 
gebraically closed. Then for every g = I , j E XJ(F), the polynomial A(g)((f>) = 
deg(a + b<p) on NS(A)(F) is a complete square (and is nonzero). 
Proof. For g G U° this follows from the equality 

deg(a + b4>) = deg(6) deg(6 _1 a + 0) = deg(6)x(fr _1 a + 0) 2 

and the fact that deg(6) > in the case F — R. Viewing the equation (2.3.1) as an 
identity of rational functions on NS(A), we see that if A(#i) and A(g 2 ) are complete 
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squares then A(gig 2 ) is a complete square as a rational function on NS(A), and hence, as 
a polynomial. □ 

Definition 2.3.6. Let Pol< s (NS(A)) denote the space of polynomials of degree < g on 
NS(A). We define a double covering Spin = Spin x ^ — > U of algebraic groups over Q by 
setting 

Spin = {(</,/) e U x Pol< 9 (NS(A)) | A(g) = f 2 } 

with the group law 

(91, h) ■ (92, fi) = (9192, /iM-)) • h)- 

Here the rational function /i(<?2( - )) ' /2 i s actually a polynomial since its square is A(gig 2 ). 

Note that by Lemma 2.3.5, the map n : Spin(R) — > U(R) is a double covering. We 
have a natural isomorphism of groups 

U A /2Z -► Spin(M) : (g, f) h- (<?, exp(-™/)). (2.3.3) 

We have two natural subgroups in Spin(R): 

U(Q) spin = tt- 1 (U(Q)), U(Z) spin = 7r- 1 (U(Z)). (2.3.4) 

Lemma 2.3.7. Consider the homomorphism 

I : U(Q)/2Z — ^ U(Q) spin C Spin(M) 



induced by 1 : U(Q) — >■ £/ A (see Theorem 2.3.2) and the isomorphism (2.3.3). Then for 
a 6 N 
c d , 



g = I ,|€ U°(Q) we /iave 



l(#, 0) = (g, v / deg(6) • x(6 : a + 0)), 



wi/i A/deg(6) > . 



Proof. By Theorem 2.3.2, t(t?, 0) = (g,f), where /(0) is the square root of A(g)(tf) = 
deg(6) • deg(6 _1 a + 0) with the property 

71 ■ g 
lim Arg f(inH) — mod27rZ. 

n— >+oo 2 

Since Argx(6 _1 a + inH) has the same limit as n — > +00, the assertion follows. D 

Remarks 2.3.8. 1. If for a field extension QcF there is a multiplicative norm Nm on 
End(A) eg) F such that Nm 2 = deg then the map g 1— > (g, Nm(a + 6a;)) defines a splitting 
of the extension Spin — > U over F. For example, if A = E n , where E is an elliptic curve 
without complex multiplication, then End(A) = Mat n (Z) and deg([M]^) = det(M) 2 for 
a matrix M e Mat n (Z). Hence, in this case the norm det(-) gives a splitting of the 
spin-covering. 

2. The group U(Z) spm is exactly the group USpin(A x A) defined by Mukai in [21] (the 
same group is denoted by Spin(A) in [13]). 
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Using the isomorphism U(Q)/2Z ~ U(Q) spm we can define a homomorphism 

p : U(Q) spin ->■ GL(JV(A) <g> R) (2.3.5) 

such that p(l(g,0)) is the operator p(g) (see (2.1.17)). 

2.4. The action on Li-objects. Recall that with a Lagrangian correspondence from 
Xa to itself extending a symplectic isomorphism g : Xa — > Xa in Abq we associate an 
endofunctor $ 3 of D b (A), defined up to H-equivalence (see Sec. 2.1). We are going to 

use these endofunctors to define an action of U(Q) on some extension of SH (A) (see 
Corollary 2.4.2). 

Theorem 2.4.1. (i) For an element g G U(Q) and a Lagrangian subvariety L C Xa we 
have 

* g (S(L)) = N(g, L) ■ S(gL) [X(g, L)] (2.4.1) 

for some X(g,L) G Z and N(g,L) G N*, where we use Def. 2.1.4- 

(ii) If L = T(0) for an isogeny G Hom(A, A) + ® Q and if g — I , J satisfies 

deg(6) 7^ 0, deg(a + b<p) ^ and deg(c + dip) ^ 0, then we have 

N(g, L) = deg(a + b^ • q{g)^ ■ ^> , (2.4.2) 

where q(g) is given by (2.1.13), rkV^ is given by (2.1.9), and 

A( 5 ,r(0)) = -i(6- 1 o + 0). (2.4.3) 

Proof, (i) Let us extend L and £(g) to Lagrangian pairs (L, a) and (L(g),(3). By [31, 
Thm. 3.2.11], applied to the Lagrangian correspondence (L(g), /3) and to (L, a) viewed as 
a Lagrangian correspondence from to Xa, we obtain 

®L(g),p{SL,a) = 5'i( fl )oL,/3oa[«] 

for some « G Z. As in [31, Thm. 3.2.14] one can check that % does not depend on a and j3. 
Next, we have to relate the composed Lagrangian correspondence Sl^ l^ 00 , with S(gL). 
Here we use the definition of the composition of Lagrangian correspondences from [31, 
Sec. 3]. Note that the result is a generalized Lagrangian correspondence in the sense of 
[31, Def. 3.1.1] We are going to apply [31, Prop. 2.4.7(ii)] to the generalized Lagrangian 

Z := L(g) o L >- Xa- Note that Z C L{g) C Xa x -X^ is the preimage of L under the 

first projection pi : L(p) —¥ Xa, and the homomorphism j : Z — > Xa is induced by the 
second projection p 2 '■ L(g) — >■ X^. By [31, Prop. 2.4.7(h)], we have 

^o^n^-lTro^)! 1 / 2 -^'^)) 

in SH (A x A), where n = \ir (j(Z))\ (here Z is the connected component of in Z). 
By definition, we have j(Z ) = gL. Thus, we deduce (2.4.1) with 

N(g,L) = \ir (Z)\ 1 ' 2 -n 1 > 2 . 
Also, by [31, (2.4.12)], we have n = deg{Z ->• j(Z )). 
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(ii) Now assume that L = T(0) and that g(<p) is defined and is an isogeny. Note that for 
sufficiently divisible N we have an isogeny 



A^ Z :x^ (Nx, N(px, N(a + b(f))x, N(c + dtj>)x) 6 L(g) C X A x X A . 



(2.4.4) 



In particular, both projections from Zq to A are isogenies. Let us consider the commuta- 
tive diagram of isogenies 

Zn »• Z 



PA,2 



j(Zo) -^— A 



where p A>2 is the composition Z — > L(g) »• X A •• A. Considering the degrees we 

obtain 

deg(pA,2 : Z ->■ A) = \ir (Z)\ ■ deg(p A2 \z ) = \ir (Z)\ - deg(j(Z ) -> A) • n. 

Recall that j{Z ) = gL, so we get 

deg(p A , 2 :Z^A) 1 / 2 
{9, ] deg(gL -> A) 1 / 2 • 

Now let us consider the projection p Aji : Z — > L(g) — — ► X A ► A. Using the isogeny 

(2.4.4) we see that 

NpA,2\z = N(a + b<j))p AA \ Zo . 
Hence, 

deg(pA,2 : Z -> A) deg(p A:2 \ Zo ) 



deg(a + b(f>). 



deg(p AA : Z ->■ A) deg(p AA \ Zo ) 
Note that p At i factors through the projection Z — > L and we have a cartesian square 

Z L(g) 



(2.4.5) 



Pi 



X f 



which shows that deg(Z — > L) = deg(pi : L(g) — > X A ) = q(L(g)). Thus, 

deg(p A1 :Z^A) = q(L(g)) • deg(L -)■ A) 
and (2.4.5) can be rewritten as 

deg(p A2 : Z ->■ A) = deg(a + 60) • g(L($)) • deg(L -»■ A). 
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Therefore, 

a/2 deg(L -+ A) 1 / 2 



iV(^L) = deg(a + 60) 1 / 2 -g(L(^)) ] 



deg(#L ->■ A)V2' 

Recalling that rkS'(L) = deg(L -* A) 1 ' 2 we obtain (2.4.2). 

Finally, to compute \(g,T(<j))) we apply [31, Prop. 3.2.9]. Namely, we have to consider 
the fibered product T(0) x^ L(g) where we use the first projection L(g) — y A. Note that 
we have an isogeny 

AxA^ (r(0) x A L(g)) : (x, £) ^ ((Nx, N<j>x), (Nx, N£, N(ax + &£), N(cx + d£))), 

(2.4.6) 

where iV is sufficiently divisible. Next, we set 

F = ker(r(<P)x A L(g)^A), 

where 7 is induced by the projection to L(g) followed by L(g) X A — > A. Note that 

the composition of 7 with the isogeny (2.4.6) is given by (x,£) 1— ¥ N(ax + 6£). Hence, we 
have an isogeny 

A ->• F : x i-> ((Me, JV0x), (JVx, -Nb~ l ax, 0, N(cx - db~ l ax))). 

(2.4.7) 

By [31, Prop. 3.2.9], we have 

\(g,v(<i>)) = -K9o°fo 1 ), 

where / : F — ¥ A is the natural projection and for (l,m) G F C T(0) x L(<?), 

c?o(^,m) =Pi(0 -Pi,iM, 

where p A : T(0) — > A is the natural projection and p^ x is the composition L(g) »• X A — > 

A. Thus, the compositions of / and g with the isogeny (2.4.7) are x h-> A^a; and x i-> 
iV(0 + o _1 aa;), respectively. Hence, 

S-o o / -1 = + & _1 a 

as required. D 

Let us set 

m LI (A) R =m LI (A) xR >0 /N*, 
where n6N* acts by (F, r) \— y (nF, n~ l r). Then the bijection of Proposition 2.1.2 extends 
to a bijection of lR>o x Z-sets 

LG(Q) x R >0 x Z — ^- M LI (A) R . 

Corollary 2.4.2. There is an action o/U(Q) on SH (A)r, commuting with M>o- action, 
such that (g, n) acts by 

F h- q(L(g))- 1 / 2 ■ <f> 9 (F)[n}. 
For g 1} g 2 G U(Q) and L G LG(Q) we have 

A(#i, 52(^)) + X(g 2 , £) = A(s-i, 5-2) + A(£i02, £)• 

,4/so, £/ie maps $ 9 induce an action o/U(Q) on SH (A)/N* ~ LG(Q) x Z. 

22 



Note that the natural maps 



tLI 



SH (A) -► AT (A) <g> Q/Q >0 (2.4.8) 



T LI 



SH (A) R -»«/V(A)<g>R (2.4.9) 

associating with an Li-sheaf F its class [F] in M{A) are U(Q)-equivariant, where the 
action on Af(A) <8> R is given by p (see (2.1.17)). 

2.5. Action of Spin on J\f(A)^. We are going to define an algebraic action of Spin on 
A/"(A)k inducing the homomorphism p on U(Q) spin C Spin(R). The idea is to use the 
algebraicity of the corresponding projective representation and of the action of an open 
subset on a fixed nonzero vector. We will need the following simple result. 

Lemma 2.5.1. Let V be a vector space over a field F , X a scheme (resp., a set), f : X — > 
P(V), g : X — ¥ P(V) and h : X — >■ F(V) be regular morphisms (resp., maps to the set of F- 
points) such that the lines f(x),g(x) and h(x) are all distinct and h{x) C span(/(x),^(a;)) 
for each x G X. Suppose we have a lifting of f to a regular morphism (resp., map to the 
set of F -points) f : X — > V — {0}. Then there exist unique liftings of~g and h to regular 
morphisms (resp., maps to the set of F -points) g, h : X — > V — {0} such that h — f + g. 

Proof. Consider a subvariety 

Y C (V - {0}) x (V - {0}) x (V - {0}) 

consisting of (vi, V2,vi + v 2 ) such that v\ and i>2 are linearly independent, and a subvariety 

Yd (V -{0}) x¥(V) xP(y) 

consisting of (v, L, L') such that v <jL L, v <jL L', L ^ V and v G L + V . Then the natural 
projection p : Y — > Y is an isomorphism. We have a regular morphism (resp., map to 
the set of F-points) (/, g,h) : X — >■ Y. Now the components of the corresponding map 
X — > Y give the required liftings. □ 

Lemma 2.5.2. For a symmetric isogeny G NS°(A, Q) we have 



rk\4 



£(0) G M{A) <g) 



where V^ is the semihomogeneous vector bundle (2.1.4) and l : NS(A) ® Q — \ M{A) ® Q 
is the polynomial map (1.1.1). 

Proof. Since rk£(0) = 1, it suffices to check that the required identity up to propor- 
tionality. Recall that if (L = T(<f)),a) is a Lagrangian pair then the line in M{A) ® Q 
corresponding to V^ is spanned by the class of pa*(£), where pa '■ L — > A is the projection 
and C = a^ 1 <S>V\l (see (2.1.7)). Also, by the definition of a Lagrangian pair, 

so (fie '■ L — > L is given 

<fic = PA o p A = PA o p A , 
23 



where p A : L — > A is the projection. Note that for sufficiently divisible N we have an 
isogeny 

i : A ->■ L : x i-> (JVx, iV0x) 

and the classes of Pa*{£) an d [N]*(i*£) in A/"(A) ® Q are proportional. We have 

<t>i*{C) = i ° <t>a-^®v\ L oi = p A oio p Aoi = N 2 (fr. 

Thus, the class [i*(£)] E M{A) <g> Q is proportional to £(N 2 (p) = [N]*£((j>). Hence, the 
class of [JV]*(i*;C) is proportional to 

[N],[N]* £(</>) = N 2 H{4>) 

as required. □ 

Theorem 2.5.3. The homomorphism p : U(Q) spin -> GL(Af(A) <g> R) fsee (2.1.17); 
extends to an algebraic homomorphism 

p : Spin -)■ GL(AT(A) M ) 

defined over R. For (o, /) G Spin(C) and G NS°(A,C) 7 snc/i i/iai o(0) zs defined and 
belongs to NS°(A,C) 7 we /iawe 

p(o,/)(£(0)) = /(0)-£(o(0)). (2.5.1) 

Proof. First, we observe that Theorem 2.4.1 implies (2.5.1) in the case when (<?,/) G 
U(Q)s P in c Spin ( R ) with g e xjO(q) anc i e NS°(A,Q) is such that o(0) is defined and 
belongs to NS°(A,Q). Indeed, from (2.4.1), (2.4.3), (2.4.2) and Lemma 2.5.2 we obtain 
in this case 

p(9)m)) = (-ir (6 " a+0) |deg(a + &0)| 1/2 .£(g(t)) = degib) 1 / 2 ■ x(b~ 1 a + <f>) ■ £(g(<f>)). 

Thus, our claim holds for 

l(o,O) = (o,deg(6) 1 / 2 - X (r 1 a + 0)). 

It remains to note that both sides of (2.5.1) change sign when (g,f) gets multiplied by 
-1 G {±1} C Spin. 

By [26, Thm. 5.1], there is an algebraic homomorphism U — > PGL(A/"(A)q) sending 
g G U(Q) to p(g) modQ*. Let us denote the corresponding action of U on P(A/"(^4)r) by 

7c :U xP(A/"(A) r ) ->P(JV(A) r ). 

We also have a map 

k q : U(Q) spin x M(A) <g> R ->• A/"(A) <g> R : (£, v) ■-»• pQ?)(v) 

inducing the restriction of 7c(R) to U(Q) spm x F(J\f(A) <g> R). We are going to extend k9 
to an algebraic morphism using the density of U(Q) in U (see Lemma 1.3.4). 

Note that for a fixed isogeny the right-hand side of (2.5.1) extends to a regular 
morphism (defined over Q) 

n m -.^(V) -»«/V(A) R , 

where V C U° C U is an open subset of g E U° such that o(0) is defined and is an isogeny. 
Furthermore, as we have seen in the beginning of the proof, the corresponding map on 
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it 1 (1 / (Q)) coincides with the restriction of ft® to ix 1 (l / (Q)) x {£(0)}. In particular, the 
map 

K m :n-\V)^F(N(A) R ) 

obtained from K(.u\ is the composition of the projection to V with the restriction of k to 
U x {(£((/>))} (since we know this on the dense subset V(Q)). 

Now if v G M{A) ® Q is any vector, linearly independent with £(</)), then by Lemma 
2.5.1, we obtain unique liftings 

«v, «<(«)+v : ^-\V) ->• Af(A) R (2.5.2) 

of the restrictions of k to ix~ l (V) x {(v)} and 7r _1 (l / ) x {(£(4>) + v)}, such that 

«<(*)+v(<7) = «^)(flO + «v(flO- 

Furthermore, the set-theoretic part of Lemma 2.5.1 implies that the maps (2.5.2) induce 
the corresponding restrictions of ft® on 7r _1 (l / (Q)). 

Thus, if we consider a basis of M{A) <g> Q of the form (£(4>), Vi, . . . , v n ) then combining 
the maps K Vi constructed above we get a regular morphism 

p v :n-\V)^GL(Af(A) R ) 

inducing p on 7r _1 (l / (Q)). We can cover Spin with open subsets of the form 7r _1 (l / )^ with 
g G U(Q) spin and define a regular morphism T[^ 1 {V)'g — y GL(A/"(^4)r) by sending kg to 
pv(h)p(g). Using the density of U(Q) spm in Spin, one easily checks that these maps glue 
into the required algebraic homomorphism tx~ 1 {V) — y GL(J\f(A)-g). D 

Consider the action of Spin(R) on the trivial C*-bundle Da x C* over the domain Da 
given by 

(9,f) ■ (w,z) = (g(u),f(u)-z), 

where (g,f) G Spin(R), u G D A , z G C*. The map £ : D -»■ A/"(A) <g> C (see (1.1.1)) 
extends to a C*-equivariant map 

£: D A xC* ^ M(A) ®C:(u,z)^z- i(u). (2.5.3) 

From the identity (2.5.1) we immediately get the following result. 

Corollary 2.5.4. The map (2.5.3) is Spin(R) -equivariant. 

Proposition 2.5.5. For any x,y G M{A) ® C and any g G Spin(C) one has 

x(p(9)(x),p(g)(y)) =x(x,y). (2.5.4) 

Proof. Note that the left-hand side of (2.5.4) depends only on the image of g in U(C). 
Let us first consider the case when this image is an element g G U(Q). Consider the 
functor $ = $L(g),a '■ D b (A) — y D b (A) associated with some Lagrangian correspondence 
(L(g),a) extending g, so that $ represents the H-equivalence class of $ fl . Let \I/ be the 
right adjoint functor to $. By [31, Prop. 3.2.7], \1/ differs by a shift from the Li-functor 
associated with some Lagrangian correspondence extending L(g~ l ). Applying (2.1.11) 
and (2.1.12) for g\ = g and g^ = g~ l we obtain 

tf o $ = N ■ Id, 
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where N = q(g) l ^ 2 q(g 1 ) 1 ^ 2 . Since for F,G G D b (A) we have an isomorphism 

Hom*($(F), $(G)) = Hom*(F, tf$(G)), 
we deduce the equality 

X(P(9)([F]),P( 9 )([G])) = ^-^ • X ([F], [G]). (2.5.5) 

Since U(Q) is dense in U (see Lemma 1.3.4), there exists an algebraic character w : U — > 
G m such that 

x(p(g)(x),p(g)(y)) = w(g) ■ x(x,y) 

for any g G U(C). The character w restricts trivially to the semisimple subgroup SXJ C U. 
Thus, by Lemma 1.3.1(i), it remains to show the triviality of its restriction to Z. In fact, we 

will show directly that w(t) = 1 for any £ = ( ° A e T(Q), where a G (End(A) <g>Q)*. 

Note that this implies that w\t = 1 since T(Q) is dense in T. It suffices to consider the 
case when a G End (A). Then the correspondence L(t) C Xa x Xa is the image of the 
embedding 

A x A — > X A x X A ■ (x, £,) n> (ax, £, x, a(^)). 
Hence, in this case q(t) = deg(a) and g(t _1 ) = deg(a) = deg(a), and our assertion follows 
from (2.5.5). □ 

Corollary 2.5.6. Forg = (g, f g ) G Spin(C) ; u> G Da and x G N(A) ® C one has 

x{i(<*),m-\*)) = f g (Lo)-x(t(g(to)),x). 

Proof. Indeed, we have 

X (£(co),p(g)-\x)) = X (p(g)(^)),x) = f g (u) ■ x(t(g(tu)),x). 

D 

Corollary 2.5.7. For any g G U(Q) one has q(g) = q(g^ 1 ). 

Examples 2.5.8. 1. If A is an abelian variety of dimension n over C without complex 
multiplication then we have NS(A) = Z • H , where H is an ample generator, and so 
r I—)- T(pH gives an identification S) — > Da, where S) is the upper half-plane. The group 
U(R) can be identified with SL(2, R) with the action on S) ~ Da given by fractional- linear 
transformations (1.4.3). Since A(g)(r ■ </>#) = (a + br) 2n , we have a natural splitting 

SL(2, K) -). Spin XA (M) : 5 m- (g, (a + br) n ). 

Furthermore, if A is generic then M(A) <g> Q can be identified with the g + 1-dimensional 
subspace in H *(A, Q) spanned by the classes H l , i = 0, . . . , g, and formula (2.5.1) shows 
that SL(2,R) acts on M(A) ® R as on the standard (g + l)-dimensional irreducible rep- 
resentation. Assume in addition that 4>h is a principal polarization of A. Then we can 
index simple semihomogeneous vector bundles by rational numbers. Namely, for coprime 
integers (r, d) with r > we set 
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From formula (2.1.9) we get in this case rkV^ — r ™ (see also [20, Rem. 7.13], [27, ch. 12, 
exer. 2]). Hence, by Lemma 2.5.2, 

n H i 

ch(K,d) = y^-'d' ■ — e H*(A,Z). 

Note that for r = 0, d = 1 this formula gives ch(O x ). Using Hirzebruch-Riemann-Roch 
formula we get the following relations for the form \ on N{A) ® Q: 

X (H\H n -*) = (-iyn\, 
x{t(T<j> H ),[V r , d ]) = (d-rr) n . 

2. Continuing the previous example assume in addition that n = dim A = 3 (keeping the 
assumptions that A is principally polarized and generic). Then A is the Jacobian of a 
curve, so H 2 /2 is an algebraic class. We claim that the image of the Chern character ch : 
K (A) ->■ H*(A,Q) contains the Z-submodule K C H*(A,Q) spanned by (if7*0o<i<n- 
Indeed, the Chern characters of the structure sheaves of a point and of the curve span the 
submodule ZH 2 /2 + ZH 3 /6. Together with ch(0 A ) = 1 and ch(0(H)) = exp(H) these 
classes span the whole Z-submodule K. On the other hand, using the above formula 
we see that for n > 3 the images of the Chern characters of Li-sheaves (which are all 
H-equivalent to either V d , r or to O x ) span a proper Z-submodule in K. In particular, the 
Li-objects do not generate D b (A) in this case. 

3. If A is an elliptic curve over C with complex multiplication then we have an isomorphism 

U(R) ~ SL(2,R) x U(l)/{±1}, 

where {±1} is embedded into the product diagonally. Also, Da = $), the upper half- 
plane, and U(R) acts on Da through the projection to SL(2,R)/{±1}. The spin-covering 
Spin XA (]R) —¥ U(R) in this case can be identified with the natural covering 

SL(2,R) xU(l) ->U(R). 

3. Action on stability spaces 

3.1. Induced t-structures and stabilities. We refer to [8] for notions related to stabil- 
ity conditions on triangulated categories. All t-structures considered below are assumed 
to be bounded and nondegenerate (see [3]). All stabilities are assumed to be locally finite 
and numerical. 

We say that a t-structure (resp., a slicing or a stability condition) on D h (A) is H- 
invariant, if it is invariant under any functor Tr x n with (i,()g4x4 (see (2.1.3)), i.e., 
under translations and tensoring by Pic (A). Note that by [29, Cor. 3.5.2], every full 
stability condition is H-invariant. 

The general construction of the induced t-structures (resp., stability conditions) from 
[29] and [18] specializes to the following result on inducing H-invariant t-structures. 

Proposition 3.1.1. Let A and B be abelian varieties of the same dimension, and let 
$ : D b (A) — > D b (B) be the Li-functor associated with a Lagrangian correspondence (L, a) 
from Xa to Xb such that the projections L — > Xa and L — > Xb are surjective, with 
the right adjoint functor $' : D b (B) — > D b (A). Also, let (D-°,D-°) be an H-invariant 
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t-structure on D b (A). Then there is a unique H-invariant t-structure (*P- ,*P- ) on 
D b (B), such that 

$(£)[«.&]) C *£)M (3.1.1) 

/i is given by 

* D [a,b] = { Fe D b( B ) | $'(F) G P M }. (3.1.2) 

Similarly, if (P(t))teR is a H-invariant slicing on D b (A) then there is a unique H- 
invariant slicing (*P(t)) te R on D b {B) such that &(P(t)) C *P(t) for any iel. H^e /iawe 
*P(t) = ($')- 1 (P(t)). 

Proof. First, we observe that by Proposition [31, Prop. 3.2.7], $' differs by a shift from the 
Li-functor associated with the transposed correspondence (<r(L), a -1 ), where a : X& x 
Xb — > Xb x Xa is the permutation of factors. Hence, the same argument as in [31, 
Lem. 3.3.3] shows that both compositions $' o $ and $ o $' are obtained by consecutive 
extensions from functors Tt x n, one of which is the identity functor. 

The fact that (3.1.2) defines a t-structure follows from [29, Thm. 2.1.2] once we check 
that in our situation $' o $ is t-exact with respect to the original t-structure and ($ o 
$')(P) = implies F = 0. Indeed, the former follows from H-invariance of our t-structure. 
To check the latter property it suffices to consider the case when F is a coherent sheaf. 
We observe that the right adjoint functor to $o$' sends a structure sheaf of a point O x to 
a sheaf K x supported on a finite number of points including x. Hence, if ($ o $')(P) = 
then Hom(P, K x ) = for all x G B, which implies that F = 0. 

The inclusion (3.1.1) follows from the H-invariance of the original t-structure and from 
the form of <&' o <&. The fact that the new t-structure is H-invariant follows from the 
H-intertwining property of Li-functors (see (2.1.5) and [31, Lem. 3.2.4]). Now suppose 
(t'D^^Df ) is another H-invariant t-structure on D b (B) such that $(P>M) c *£>M] 
Then applying [29, Thm. 2.1.2] again we deduce that 

D l«M = { F G D b( A j | $(F ) e * D l*My 

is a t-structure on D b (A) such that P>' fe] C D [ ? M . Hence, D [ "' b] = P>^ and we can 
rewrite (3.1.2) as 

*£,[«,&] = {Fe D b {B) | $$'(P) G $ P[ a ' 6] }, 

which implies that D\"' C D^- a ' b \ so these t-structures are the same. 

The result about slicings is proved analogously. □ 

Let Stab (A) denote the space of H-invariant stability conditions on A (it is known to 
be nonempty for dim A < 2). 

Definition 3.1.2. For g G U(Q) and a stability a = (P(-), Z) G Stab H (A) we set 

g(a) = C*P(.),Zop(g)-^ 

where p(g) is given by (2.1.17). By Proposition 3.1.1, this defines an action of U(Q) on 
Stab H (A), such that the central element 1 G Z C U(Q) sends (P(-), Z) to (P(-)[l], -Z). 
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The restriction of the above action to the preimage of U(Z) C U(Q) is given by the 
standard action of the autoequivalence group of D b (A) on Stab (A) (see [8]). 

Proposition 3.1.3. For every 7j e U(Q) the corresponding transformation of Stab (A) 
is an isometry with respect to the generalized metric d(-, •) introduced in [8, Prop. 8.1]. 

Proof. Note that the functor $ ff sends Harder-Narasimhan constituents of E with respect 
to a to those of <& g {E) with respect to g(o~), and Z(p(g)~ 1 (^ g (E))) is a constant multiple 
(depending only on g) of Z(E). Hence, d(<7i,<7 2 ) < d(g(o~i),g(o~2))- Applying the same 
inequality to g^ 1 and the pair (g(o~i),g(o~ 2 )) we deduce that it is in fact an equality. □ 

Proposition 3.1.4. Any Li-object in D b (A) is semistable with respect to any full stability. 

Proof. Let E be an (L, a)-invariant object in D b (A), where (L,a) is a Lagrangian pair 
(with L C Xa), and let a = (P(-), Z) be a full stability. We can assume that Z takes values 
in Q + ?Q C C. Indeed, the set of such stabilities is dense in the connected component 
containing a, and the semistability of E is a closed condition on a. Then for a dense set 
of real numbers t (namely, those with tan(7rt) G Q) the abelian category P((t,t + 1]) is 
Noetherian (see [1, Prop. 5.0.1]). Applying the construction of [29] we obtain for each 
such t the associated constant family of t-structures over any base S, which is a certain 
t-structure on D b (A x S), local over S and such that its heart contains the pull-back of 
P((t, t + 1]) with respect to the projection pi : A x S — > A. Let us take as a base S = L 
and consider the functor 

T (L , a) : D b (A) -» D b (A x L) 

that associates with F e D b (A) the natural family of objects J 7 on L x A such that the 
restriction of J 7 to {/} x A is on <g> Ti(F) for / G L (J 7 is obtained from F by taking the 
pull-back with respect to the map LxA->i: (!,a;) 4 Pa(0 + ^ and then tensoring 
the result with a certain line bundle). Since our stability is H-invariant (by [29, Cor. 
3.5.2]), this functor is easily seen to be t-exact, i.e., it sends P((t,t + 1]) to the heart 
of the corresponding constant t-structure on D b (A x L). By definition, (L, a)-invariance 
structure on E is an isomorphism 

T {L , a) (E)~plE. 

Since both sides are t-exact functors of E, we deduce that the truncations of E with 
respect to our t-structure are still (L, a)-invariant. Applying this for an appropriate set 
of phases t we derive that all Harder-Narasimhan constituents of E are (L, a)-invariant. 
Let E be one of them. Suppose E has cohomological range [a, b] with respect to the 
standard t-structure. Then H b Eo and H a Eo are still (L, a)-invariant, so we have a nonzero 
morphism H b Eo — > H a Eo (see [31, Thm. 2.4.5]), which gives rise to a nonzero morphism 

E [b] ->■ H b E -»■ H a E ->• E [a}. 

By semistability of E we should have b < a, i.e., E is cohomologically pure. Since 
E is a direct sum of several copies of the generator Sl, , it follows that Sl,o is also 
semistable. □ 
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3.2. Z-covering of LG(R). Recall that the action of U(R) on LG(R) is transitive (see 
Prop. 1.4.3), so we have an identification 

LG(R) ~ U(R)/P"(R). (3.2.1) 

We have a natural lifting of P~(R) to a closed subgroup of U A (see Lemma 2.3.3). 
Therefore, the homogeneous space U A /P~(M.) is a Z-covering of LG(R). Below we will 
describe this Z-covering explicitly using the homogeneous coordinates (x : y) on LG(1R) 
(see Sec. 1.4). 

Namely, with every L = (x : y) G LG(R) we associate a holomorphic function on Da, 
defined up to rescaling by a positive constant, 



5(L)(oj) = deg(y — xui) = deg(cjx — y) mod. 



^>o, 



where u G Da- Note that if we change (x : y) to (xat : yat) then this function gets 
multiplied by deg(a) G R>o- It is easy to see that for g G U(R) one has 

8(g(0 : O )) = A((?- x ) modR >0 , (3.2.2) 

where 0o : A — > A is a polarization and A is the 1-cocycle of U(R) with values in 0*(Da) 
defined in Section 2.3. In particular, 5(L)(u) ^ for all u G Da- 

Lemma 3.2.1. For L G LG(R) and g G U(R) one has 

5(gL)(g(u)) = 5(L)(u) • A^T 1 )^)) = S(L)(u) ■ A(g)(u)-\ 

Proof. Pick g' G U(R) such that L = g'(0 : 0o)- Then use (3.2.2) and the cocycle 
condition for A. □ 

Note also that if we have a Lagrangian subvariety L C Ax A then viewing L as a point 
in LG(Q) we have 

8(L)(u) = deg(upi — p 2 )modIR > o, (3.2.3) 

where p\ : L — Y A and j>2 : L — > A are the projections, and we use the polynomial function 
deg : Hom(L, A) ® C ->■ C. 

Definition 3.2.2. We define the Z-covering p : LG(1R) -> LG(1R) by setting 

LG(R) = {(L,/) G LG(R) x (0(D A )/iR) | 5(L) = exp(2mf) modM >0 }. 

We also set 

LG(Q) :=p" 1 (LG(Q)) C LG(R). 

When we need to stress the dependence on A we write LG^(R) (resp., LG^(Q)). We 
have an action of U A on LG(1R) given by 

(g, f g ) ■ (L, f L ) = (gL, f L {g~\uj)) + /^(w))). 
The fact that this action is well defined follows from Lemma 3.2.1. 
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Proposition 3.2.3. (i) There exists a unique bijection 
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SH (A)/N* ->■ LG(Q) :F^L F , (3.2.4) 



lifting the natural projection F h-> Lp to LG(Q), sending O x to ((0 : 0o),O) G LG( 

(where <f) : A -^- A is a polarization) , and U(Q) -equivariant, where the action on LG( 

is induced by the embedding 1 : LG(Q) — > U A . 

(ii) Let Vfj, be the semihomogeneous vector bundle associated with G NS(A) £g>Q ; so that 

L v ^ = r(0) (see (2.1.4);. Then 

L v ^ = (r(0), (27T2)- 1 • log(deg(u; - 0)) modiR), (3.2.5) 

where the branch o/log(deg(-)) is normalized by Imlog(deg(?iJ)) = Arg(deg(iH)) = —git 
for ample H . 

Proof, (i) First, let us compute the stabilizer subgroup St C U(Q) of the class of O x in 
SH (A)/N*. By considering the action on the corresponding Lagrangian we see that St is 

a certain lifting of P _ (Q) C U(Q) to U(Q). From the explicit form of the functors $t for 
t G T(Q) (see Prop. 2.2.1(h)) we see that these functors preserve O x up to H-equivalence 
and N*. Therefore, St is the lifting of P~(Q) described in Corollary 2.2.2. By Lemma 

2.3.3, t(St) is exactly the stabilizer of the point ((0 : 0o),O) G LG(Q). Hence, there is a 

well-defined LG(Q)-equivariant map (3.2.4). Since this is a map of Z-torsors over LG(Q) 
(see Prop. 2.1.2), it is a bijection. 

(ii) Assume first that is non-degenerate, i.e., G NS°(A, Q). Consider the element 
gp ± G N+(Q) as in Proposition 2.2. l(i). Then 

^(0 : O ) = (<TVo : 0o) = (1 : 0) = r(0). 

By Proposition 2.2. l(i), under the canonical lifting of N + (Q) to U(Q) the lifting of gt ± 
corresponds to the kernel S(g't_ 1 )[i(<f>)] (note that i(0~ 1 ) = i(<f>))- On the other hand, its 
canonical lifting to U A is 

g = (<?+_!, - log(deg(l + 0-^))/2«), 

where we use the branch of Argdeg(l + _1 w) that tends to as uo — > (see Lemma 

2.3.4). By the U(Q)-equivariance of the map (3.2.4), we obtain that the object V^[i(0)] 
is mapped under this map to 

g- ((0 : O ),O) = (r(0),log(deg(l -0- 1 w))/2«mod«) = 

(r(0), (2m)' 1 ■ log(deg(u; - 0)) mod«) 

with the same choice of the argument as above. Recall that if we choose the branch of 
Argdeg(w — 0) in such a way that Argdeg(mi? — 0) will be irg then we will obtain 

Argdeg(-0) = 2iri(-(f>) = 2n(g - i(0)) 

(see Corollary 1.2.2). Subtracting 27rg we get the branch that gives the limit — 27ri(0) 
as u — > which is exactly what we get for the image of V^. This proves the required 
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statement in the case when e NS°(A, Q). The general case follows by using the action 

of the subgroup N~(Q) C U(Q) (see Ex. 2.1.3). Indeed, this action changes both sides 
(3.2.5) by adding to an arbritrary element of NS(A) <S> Q. □ 

Recall that we can view NS(A) ® 1 as an open subset of LG(R) via the map i— > 
(1:0) = T(0). Part (ii) of the above Proposition implies that we have a commutative 
diagram 



NS(A) 



^t m LI (A)/w 



NS(A) 



LG( 



where the right vertical arrow is (3.2.4) and the bottom arrow is the continuous section 
of the projection LG(R) -»■ LG(R) over NS(A) <g> R given by 

NS(A)®M^LG(M) :0^ (r(0),/^), (3.2.6) 

where f^ G O(D^) modilR is the branch of {2ni)~ 1 ■ log(deg(w — 0)) modilR satisfying 

lim f<p{inH) = -g/2 

n->oo 

for any ample H . 

Definition 3.2.4. We define the double covering p sphl : LG spin (A,R) ->■ LG A (M) by 
setting LG spin (A,M) = LG(S)/2Z. Explicitly 

LG spin (A,R) = {(L,ip) e LG(R) x (O(D A )/R >0 ) | S(L) = y9 2 modM >0 }. 

We also set LG sp[n (A,Q) = (p spin )" 1 (LG( 



The isomorphism Spin(R) ~ £/ A /2Z induces a transitive action of Spin(R) on LG spm (A, 
(and of U(Q) spin on LG spin (A, Q)). 

We also have a natural U(Q)-equivariant map 
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SH (A)/N*->J\f(A) 



>o 



: F H- [F]mod< 



'!>o 



(see (2.4.8)), which we can view as a map from LG(Q) using the bijection (3.2.4). The 
equivariance of this map with respect to the Z-action implies that it factors through 
LG spm (A, Q). Furthermore, we claim that it extends to a continuous Spin(IR)-equivariant 
map 



LG spin (A, R) ->• M{A) <g> M/M >0 
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(3.2.7) 



such that we have a commutative diagram: 



tLI 



SH (A)/W ^Af(A) 



>o 



LG spin (A R) — M{A) <g> M/R >0 

Indeed, we can define (3.2.7) by sending g((0 : </> ), 1) to g[Cy modIR >0 for g G Spin(R). 
To check that this map is well defined we observe that Q-points P~(Q) are dense (with 
respect to the classical topology) in the stabilizer P~(R) of the point ((0 : (fio)A) £ 
LG spin (A,K). Since P"(Q) C U(Q) spin leaves the class [O x ] G SJ\f( A) ®R invariant, this 
proves our claim. 

Lemma 3.2.5. The section (3.2.6) induces a section 

NS(A) <g> R ->■ LG spin (A, R) (3.2.8) 

which sends G NS(A) (g)R to (r(0), x(0 - w) modJR >0 ). 

Proof. Since x(0 — w ) 2 — deg(0 — u) — deg(cu — 0), this follows from the fact that the 
argument of xi'P — inH) tends to — gii/2 mod 27rZ as n — > oo. D 

Example 3.2.6. In the case when A = E n , where E is an elliptic curve without complex 
multiplication we can identify End (A) with the algebra of n x n-matrices over Z, and 
NS(A) with symmetric matrices. Note that for M e End(A) we have deg(M) = det(M) 2 
and for G NS(A) we have x(0) = det(0). In a coordinate-free notation, if A — E ® A, 
where A is a free Z- module of rank n, then elements of NS(A) can be viewed as Z- valued 
symmetric bilinear forms on A, and the function \ is given by the discriminant. The 
group U in this case is the symplectic group Sp 2n and the variety LGa is the Lagrangian 
Grassmannian associated with the 2n-dimensional symplectic vector space. Also, Da is 
the Siegel upper half-plane $) n and the covering U A — > Sp 2n corresponds to a choice of 

argument ofZ^ det(A + BZ) 2 , where Z G f) n and ( „ ) G Sp(2n,M). Thus, U A 

contains the universal covering Sp(2n, R) of Sp(2n, R) as a subgroup of index 2 (cf. [23, 
Ex. 4.15]). Now let us consider our lifting of P _ (M) to U A . It is easy to check that 

the restriction of the projection to £/ A /Sp(2n, R) ~ {±1} to GL(n, R) C P~(M) can be 
identified with the homomorphism A i— > signdet(A). It follows that U A = Sp(2n, R) ■ 
P"(M), and P"(R) n Sp(2n,M) is the semidirect product of N~(R) and of GL + (n,M) 
(matrices with positive determinant). Hence, we can identify LG^IR) with the quotient 
of Sp(2n, R) by a connected subgroup, so LGa(R) is simply connected. It follows that in 
this case LG^(R) is the universal covering of the Lagrangian Grassmannian LG^(R). 

3.3. Phase function. Since A : U(R) — > 0*(Da) is a 1-cocycle (see Lemma 2.3.1), it 
defines a natural action of the group U(M) (by holomorphic automorphisms) on the trivial 
C*-bundle over Da- We have constructed the central extension U A — > U(R) by Z in such 
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a way that A lifts to a 1-cocycle of U A with coefficients in 0(D A )- In other words, we 
obtain the action of U A on D A x C (respecting the structure of a C-space), which we 
view as a universal covering of D A x C* (in Sec. 3.4 we will relate this covering to the 
Bridgeland's stability space in the case dim A = 2). Explicitly, this action is given by 

(g,f)-(u,z) = (g(u),z-f(u)), (3.3.1) 

where (g, f) G U A and (u, z) G D A x C. 

On the other hand, we have a transitive action of U A on the Z-covering LG(R) of 
LG(R). By definition of this Z-covering, we have a continuous function 

f : D A x LG(R) 4l:(w, (L, / L )) h- Re/^w). 

We can extend it to a continuous function on (D A x C) x LG(R) setting 

f((LU,z),L) = Re(z)+f (u,L), 

where L G LG(R). 

Lemma 3.3.1. The function f is U A -invariant, i.e., fori] G f/ A and (a, L) E (Da xC)x 

LG(1R) one has 

i(g(a),g(L)) = f(a,L). 

The proof is straightforward. 

Now using the map F i-> Lp of Proposition 3.2.3, we define the phase function 

(D A x C) x SH L/ (A)/N* ->■ R : (a, Z) H> CT (F) := f (a, L F ), (3.3.2) 

where a G -Da x C Note that we have 

<t>(u,z){F) = (f>(oj,o)( F ) + Re (^)- ( 3 - 3 - 3 ) 

In Sec. 3.4 we will show that in the surface case the function CT gives the phases 
of Li-objects with respect to the Bridgeland's stability condition on D h (A) associated 
with a G D A x C In the following theorem we check some of the properties of CT 
that conform with the conjecture that the corresponding stability condition exists in the 
higher-dimensional case as well. 

Theorem 3.3.2. The phase function (f> a (F) satisfies the following properties. 
(i) This function is U(Q) -invariant, i.e., 

0^)(^(F)) = CT (F), 

where the action of U(Q) on D A x C is induced by (3.3.1) via the homomorphism i : 
U(Q) —7- U A . In particular, for n G Z, 

<t><r{F[n]) = <f> {F) + n. 

(ii) For a = (u, z) and F G SH (A) one has 

exp{mz) ■ X {£{oo), [F]) G R >0 ■ exp(7r?0 a (F)), (3.3.4) 

where [F] G M{A) ® R is the numerical class of F. 
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(iii) For a semihomogeneous vector bundle V^ associated with <p G NS(A) ® Q one has 

<£(«,*) (V*) = Re(z) + — Arg(deg(w - 0)), 

where the branch o/Arg(deg(-)) is normalized by Arg(deg(ii?)) = — gn for ample H. 
(iv) for a pair of Li-objects i*\ and F 2 such that the corresponding Lagrangians Lp 1 and 
Lp 2 in Ax A are transversal one has 

MFi) < MK) + i(Fi, F 2 ), (3.3.5) 

where i(F±, F 2 ) is the index of the pair (iq, F 2 ), i.e., the number such that Ext*(iq, F 2 ) = 
fori ^ i(F u F 2 ) (it exists by [31, Cor. 3.2.12];. 

Proof, (i) The invariance follows from Lemma 3.3.1. The second assertion follows from 
this: 

<P{w,z){F) = <f>(i,n)iw,z)(F[n]) = 0( WjZ _„)(F[n]) = <f>( u ,z)(F[n]) -n, 
where in the last equality we used (3.3.3). 
(ii) By part (i), the right-hand side of (3.3.4) is invariant under the diagonal action of 

U(Q) on (a,F). We claim that the same is true for the left-hand side (modulo R>o)- 
Indeed, by Corollary 2.5.6, for g = (g, f g ) e U A we have 

X (£(co), [F]) = &q>(-mf g (u)) ■ x(^M), [g(F)]) modM >0 

(recall that the map F \— > [F] modN* is compatible with the projection U A — > Spin(R) 
sending (g,f g ) G U A to (g,exp(—7iif g )), see (2.3.3)). This immediately implies that the 
left-hand side of (3.3.4) is invariant modulo lR>o with respect to the diagonal action of 

U(Q) on the pair (a, F) G (D A x C) x SH L/ (A)/N*. 

Thus, it is enough to check the equality for F = O x . We have x(£(w), [O x ]) = 1 for all 
bj. On the other hand, by definition of the map of Proposition 3.2.3, fo(w, Lq x ) = 0, so 
<fr(u,,z)(O x ) = Re(z). 
(iii) This follows from Proposition 3.2.3(h). 

(iv) By U(Q) -invariance of both parts with respect to the diagonal action on the pair 
(Fi,F 2 ), it is enough to consider the case when F 2 = O x . Note that in this case the 
transversality assumption implies that L Fl = T(0) for G NS(A)q, so F 1 = V^[n] for 
some n G Z, where V^ is the simple semihomogeneous bundle associated with <fi. Since 
(p(ui,z)(O x ) = Re(z), by part (iii), the required inequality is equivalent to 

Arg(deg(w — </>)) < 0, 

where Arg(deg(-)) is normalized by Arg(deg(i/7)) = — gn. But this follows immediately 
from Lemma 1.2.3(ii). D 

Remark 3.3.3. By Lemma 1.2.3(i), for F\ = O, F 2 = V<f> and a = (iH, 0), where H is an 
ample class, the inequality (3.3.5) can be replaced by a stronger one: 

<f>iH,o(0) < (f>iH,o(V^,) + ---. 

However, this inequality is not invariant with respect to the group action considered above, 
so it cannot be extended to the case of arbitrary a G Da x C 
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The following property is also motivated by the picture with the stability conditions 
for dim A = 2 (see Sec. 3.4 below). 

Proposition 3.3.4. The fibers of the map 

Z : D A x C ->■ Hom(A/"(A), C) : (w, «) H> exp(7T^)x(^(w), •) 
are exactly the orbits of the action o/2ZcC by translations on the second factor. 

Proof. Suppose 

exp(mz) X (i(cu), [F]) = exp(mz')x(i(co'), [F]) 

for all F . Since xW")> [Ox]) — 1) this implies that exp(7riz) = exp(jriz'). Using the 
action of 2Z we can assume that z = z'. Now the fact that u — u' follows from Corollary 
1.1.2. □ 

Example 3.3.5. Recall that the standard stability condition on an elliptic curve has 
Z(F) = — deg(F) + iik(F) and semistable objects that are shifts of semistable bundles 
and torsion sheaves. The corresponding phase function s4 satisfies 

<P s \F) = <P m {F) + l 

for any semistable F. Indeed, this follows from the formulas 

#"(o.) = i, 0*(iv) = Arg( '- d/r) , 
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where V&i r is the simple bundle of degree d and rank r and we normalize the argument in 
the upper half-plane by Arg(?) = 1/2. 

3.4. Stability conditions on abelian surfaces. In this section, assuming that dim A = 

2 we will identify the action of t(U(Q)) C U A on Da x C with the natural action of U(Q) 
on the component Stab' of Bridgeland's stability space Stab(A) of D b (A) described in [9, 
Sec. 15]. 

Recall that the stability space Stab (A) carries a natural continuous action of the group 

GL (2,R), the universal cover of GL + (2,IR), that can be described as the set of pairs 
(T, /), where T e GL + (2, R) and / : R ->■ R is an increasing map with f(t + 1) = /(*) + 1 
such that the map induced by T on IR 2 \{0}/lR > o — R/2Z coincides with / mod 2Z. We use 

the left action of GL (2, R) on Stab(A): a pair (T, /) maps a stability condition (Z, V) to 
the stability (ToZ,V), where V'(t) = P(/" 1 (t)). Note that n H> ((-l) n ,t ^ t + n) gives 

an embedding Z — >■ GL (2,R) such that 2Z is the kernel of the projection to GL + (2,IR). 
Recall that for each u = ia + (3 £ Da Bridgeland defined a stability condition on D b (A) 
with the central charge 

Z w (F) = - X (e(u J ),[F}) 

and with each O x stable of phase 1. This defines a sub manifold V(A) C Stab (A), iso- 
morphic to Da, which is a section of the action of GL (2,R) on a connected component 
Stab' (A) C Stab (A), so that we have an isomorphism 

V(A) x GL + (2,R)~Stab f (A) (3.4.1) 
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(see [9, Sec. 11, 15] ) 2 . 
We have a natural embedding C* = GL(1,C) — > GL + (2,IR) and the corresponding 

homomorphism of universal coverings C ■— > GL (2,R) (where we use the map C — > C* : 
z i— > exp(7riz)). Hence, from the isomorphism (3.4.1) we obtain an embedding 

D A xC- V(A) xC4 Stab f (A). (3.4.2) 

Note that the central charge corresponding to a point (u, z) G Da x C is 

Z M (F) = -exp(mz)x(i(uj), [F]), 

and the phase of O x with respect to this stability is 

^ z) (O x ) = l + Re(z) (3.4.3) 

Recall that the non-empty fibers of the projection 

Z : Stab f (A) -»■ Rom(Af(A),C) 

are exactly the orbits of the action of 2Z C C C GL (2,R) (see [9, Thm. 15.2]). Hence, 
we have 

V(A)xC = Z- 1 (Z(V(A)xC)). (3.4.4) 

The image Z(V(A)xC) coincides with C*4(D A ) C Jsf(A)®C, where we identify J\f( A) cg)C 
with Hom(A/"(A), C) using %(-, •). 

Recall that we have an action of the group U(Q) on Stab (A) defined using functors 
$ s (see Def. 3.1.2). Also, note that by [29, Cor. 3.5.2], we have an inclusion Stab^(A) C 
Stab (A) since all stabilities in Stab^(A) are full. 

Proposition 3.4.1. The subset V(A) x C C Stab (A) is invariant with respect to the 
action o/U(Q) and the induced action o/U(Q) on V(A) xC~ Da xC is exactly (3.3.1). 

Proof. First, let us look at the action on central charges. Applying Corollary 2.5.6 to the 
element g = (g, exp(— irif)) G Spin(M) coming from an element (g, f) = t(g') G U A where 

g' G U(Q), we get 

Z^ z) {p{g'Y X F) = Z^ipCg)- 1 ^}) = Z l{g ,y^ z) (F). 

(see (3.3.1)). In particular, the transformed central charge is still in C* • £(Da)- Recall 
that the connected component Stab' (A) is characterized by the condition that the central 
charge is in the GL + (2, R)-orbit oH(Da) and O x are stable of the same phase for all x G A. 
Furthermore, by [9, Lem. 12.2], is is enough to require all O x to be semistable of the 
same phase (due to the absence of spherical objects — see [9, Lem. 15.1]). In our case the 
condition on the central charge is satisfied by the above computation, and the semistability 
of O x follows from Proposition 3.1.4, so we get the inclusion g'(V(A) x C) C Stab . Taking 
into account (3.4.4) we derive the required inclusion 

g'(V(A) x C) c V{A) x C c Stab f . 



2 Conjecturally, Stab 1 (A) = Stab(A). 
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Furthermore, we obtain that the action of g' G U(Q) on Da x C differs from the action 
(3.3.1) by the translation by an element in 2Z C C Thus, the difference between the two 

action is given by a homomorphism U(Q) — > 2Z. Note that the element UZc U(Q) 
acts on a stability in Stab(A) by changing the central charge Z to — Z and adding —1 to 
all the phases. Since this matches with its action on Da x C given by (3.3.1), the above 
homomorphism factors through a homomorphism U(Q) — > 2Z. Next, we observe that the 

action of P~(Q) C U(Q) preserves the phase of O x (see the proof of Prop. 3.2.3(i)). On 
the other hand, t(P~(Q)) C U A consists of elements (g, f) with Re(/) = (see Lemma 
2.3.3), so taking into account the formula (3.4.3) we deduce that the homomorphism 
U(Q) — > 2Z is trivial on P~(Q). It remains to apply Lemma 1.3.5. □ 



Corollary 3.4.2. There is a transitive continuous action of U A x GL 2 (R) on Stab'(A), 
extending the action o/U(Z) (coming from autoequivalences of D b (A)) and the standard 
action of GL 2 (R) . 

Proof. This follows from the identification (3.4.1) and from the transitivity of the action 
of U A on Da x C. Note that our action of U(Q) on Stab (A) extends the standard action 
of U(Z) by autoequivalences of D b (A). D 

Theorem 3.4.3. For any a = (u, z) € D A x C and any Li-object F € D h (A), let <f>„ r (F) 
be the phase of F with respect to the corresponding Bridgeland's stability condition. Then 

4? (F) = MF) + 1, 

where the function <p a is given by (3.3.2). 

Proof. The assertion is true for F = O x . Also Theorem 3.3.2(i) together with Proposition 
3.4.1 imply that both sides are invariant with respect to the action of U(Q) on the pair 
(a, F). It remains to use transitivity of the action of U(Q) on SH (A)/N*. □ 

3.5. Mirror symmetry and phases. In the case when A = E n , where E is an elliptic 
curve without complex mutliplication, we can interpret the phase function of Sec. 3.3 in 
terms of the Fukaya category of the mirror dual abelian variety. 

Let E = C/(Z + rZ) be an elliptic curve over C and let A be a free Z- module of rank 
n. We set 

A = A ® C/(A <g) (Z + rZ)) ~ E n , 
so that we have a natural isomorphism 

rU:=ifi(A,Z) ~A©A, 

where the second summand corresponds to A <g> r. The natural polarization of E given by 
the hermitian form H T (zi,Z2) = f^p induces an isomorphism 

i~ A*®C/(A*(g) (Z + rZ), 
where A* = Homz(A,Z). 
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Assuming that E has no complex multiplication we obtain identifications End(A) ~ 
End z (A), Eom(A,A) ~ Hom z (A,A*), and NS(A) ~ Hom z (A,A*)+ (the latter group 
consists of symmetric homomorphisms) . Thus, for a field FDQwe can identify NS(A)©.F 
with the space of symmetric bilinear forms on A©F. The ample cone in NS(A)©R consists 
of positive-definite forms. Thus, Da C NS(A) © R is the Siegel's half-space consisting of 
symmetric bilinear forms on A © C with positive-definite imaginary part. 

According to [13] (see also [27, Sec. 6.5]), one can view the abelian variety B associated 
with an element u = loa G Da — $) n as a mirror dual to (A,ua)- More precisely, let us 
set 

T B =A*®A, B = T B ®R/T B , 
and define the complex structure on T B © R via the isomorphism 

k w : Y B © R -»■ A* © C : (A*, A) ^ A* - w(A), (3.5.1) 

where we view u as an element of Hom(A, A* © C) + . Note that there is an isomorphism 
B ~ A* (g) C/(A* + cuA) (however, the corresponding identification of H\{B,'L) with T^ 
differs from the original one by the sign on the summand A C T B ). We have a natural 
principal polarization O : -B— >-B given on homology lattices by 

T B ^Y B : (A*, A ) ^ ((A*, A) ^ A*(A ) - A*(A). (3.5.2) 

Similarly, the natural isomorphism A* © A* ~ V ^ ~ T^ corresponds to the pairing 

(A* © A*) x T A -* Z : ((At, A^), (Ax, A 2 )) ^ A*(A 2 ) - A^(Ai). 

Let us define an isomorphism of orthogonal lattices 

1 :T A ®T A ^T B ®T B ~T B ®T B : (Ai, A 2 , A*, A£) ^ (A£, A 2 , At, Ai). 

Proposition 3.5.1. The isomorphism 7 induces a mirror duality in the sense of [13, Sec. 
9] between the pairs (A,ua) and (B,u> B ) for uj b = r • <p , where O £ Hom(_B,_B) + is t/ie 
principal polarisation defined above. 

Proof. By definition, we have to check that the operator of complex structure on (T B © 
T B ) © R corresponds under 7 to 



a l /3 — n 



-1 



where w^ = io; + /3, and we view U^R) as a subgroup in automorphisms of (r^©T^) ©R, 
and similarly, that the complex structure on (Ta © 1^4) © R corresponds to I UB . Both 
facts are checked by a straightforward computation (cf. [13, Prop. 9.6.1]). □ 

Recall that the variety LG^ = LGgn is naturally identified with the Lagrangian Grass- 
mannian associated with the symplectic lattice A* © A. Thus, a Lagrangian subvariety 
L C A x A, viewed as a point of LG(Q), corresponds to a Lagrangian Z-submodule 
n(L) C A* © A = T B , so that T L = H^L, Z) ~ U(L) © n(L) C T A © T A . Hence, from 
(3.2.3) we get 

8(L)(u) = det(^| n( L)) 2 modR >0 , (3.5.3) 
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where we view k u \u(l) as an element in Hom(II(L), A*) ® C and define det 2 using some 
bases in II(L) and A*. 

Similarly, a point L of LGa(R) corresponds to a real Lagrangian subspace Tl-^(L) C 
r# <8> R and the formula (3.5.3) still holds (with Tl^(L) instead of IT(L)). Recall that we 
have a double covering LG spin (A,IR) ->• LG(1R) consisting of pairs (L,(p) G LG^(M) x 
O(D A )/R >0 such that y? 2 = 8(L), so that the group Spin(M) acts on LG spin (A,M) (see 
Def. 3.2.4). In our case there is a splitting U(R) — > Spin(IR) (see Remark 2.3.8.1), so we 
have an action of U(R) on LG spin (A,M) given by 

g ■ (L, ip) = (gL, <//), where (p'(g(u>)) = <f(oj) ■ det(a + bu)^ 1 . 

We claim that LG spm (A,IR) — > LG^(R) is in fact the natural double covering corre- 
sponding to a choice of orientation on a Lagrangian subspace in Tb <8> R- Indeed, let us fix 
an orientation e G /\ n (A). Then a choice of a square root y? = y^S(L) G O*(Da)/R>0 for 
L G LG^R) induces an orientation on n K (L) C T B <g> R. as follows. By formula (3.5.3), 
for each u the non-zero element 

1 A n A n 1 

cpiuj)- 1 ■ det(« w |n H( L)) e /\ (A*)<8>/\ (^(L))" 1 ® R C, 

depending continuously on w, belongs to the M-subspace /\ n (A*) ® /\™(n K (L)) _1 . Thus, 
we get an isomorphism 

/\ n (n R (L))~/\ n (A)- 1 ®M 

and we define the orientation fx v>e G /\™(I1r(L)) so that it corresponds to e _1 under this 
isomorphism, i.e., 



V?(w) •det(/c w |n R (L)) • AV 



e 



Let us associate with L G LGa(Q) the real subtorus in B by setting 

t l = n(L) <g> R/n(L) cr B ® M/r B = b. 

Note that T^ is Lagrangian with respect to the translation-invariant symplectic structure 
on B corresponding to the standard symplectic structure on Tg = A* ® A (i.e., this 
symplectic structure on B comes from the principal polarization <po). As we have shown 
above, a lifting of L to a point (L, (p) G LG spm (A, Q) gives rise to an orientation of Tl. 

Since LG spin (A,Q) = LG~I(Q)/2Z, the map (3.2.4) induces a map 

SH L/ ^LG spin (AQ)- 
By Lemma 3.2.5, the composition 

NS(A)®Q^SH L/ ^LG spin (A,Q) :0^V^^ (r(0),y?) 

corresponds to the choice of the square root (p(ou) = det(0 — u), where we use dual bases of 
A and A* to compute the determinant (see also Ex. 3.2.6). The corresponding orientation 
on Tr(^) is induced by the isomorphism IT(r(0)) <g> R ~ A <g> R and the orientation e of 
A®M. 

Let fi w>e denote the holomorphic volume form on B defined by 

to U ,e = <(e), 
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where we view e G /\ n (A) C /\ n (A) g) C as an n-form on A* ® C and use an isomorphism 
(3.5.1). 

Theorem 3.5.2. For an endosimple Li-object F G D b (A) one has 

X (e(u>),[F])= [ n^ (3.5.4) 

J[Tl] 

where L = Lp, and Tl is equipped with the orientation /J> VF , e coming from the point 
(L F ,ip F ) G LG spin (A,Q) associated with F. 

Proof. Note that shifting F by [1] changes the orientation of T^, so the assertions for F 
and F[n] are equivalent. 

First, let us prove (3.5.4) in the case when Lp is transversal to {0} x A, i.e., when F — V^ 
is the semihomogeneous bundle corresponding to G Hom(A, A) + ©Q ~ Hom(A, A*) + ©Q 
(and L F = F(<j>) cAxA). Recall that rk V^ = deg(L F -> A) 1 / 2 (see (2.1.9)). For K = Q 
or M let Tk{<P) C (A* © A) © K be the graph of viewed as a map of K- vector spaces 
(i.e., Tk{4>) = Hi(Lp,K)) and set 

r z (0):=r Q (0)n(A*©A), 

so that T L = r K (0)/r z (0). We also denote by i$ : T z (0) — > A* ©A the natural embedding. 
The orientation on Tl is induced by the natural isomorphism 1^(0) ~ A © R and by the 
orientation of A © R given by e. The cycle [Tl] in H n (A) ~ A™ (A* © A) is the image of 
the positive generator /j, G /\ n (Tz((p)) under the map 

A n (v)^A"( r ^))^A"( A *® A )- 

Note also that the integration map 

H n {A)^C: 1 ^ fn Uie 

is identified with 

A"(^) : A"( A * © A ) "► A"( A *) ® C - C ' 
where the last isomorphism is given by e. Hence, J* , Q Wi€ = S(/i) ■ e, where 5 G /\ n (A*) © 
/\ n (r z (0))~ 1 © C is the determinant of the composition 

r z (0)^-A*©A^^A*. 

The projection p 2 : T^(0) — >■ A is an embedding of index deg(L^ — > A) 1 ' 2 , so the commu- 
tative diagram 

TM -^ A* © C 

p 2 id 

d> — uj 
A — - A* © C 
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implies that 

Sfa) ■ e = det(0 - u) • deg(L F -+ A) 1 / 2 = X (%),^>)) • rk(F) = X (%), [F]), 

where the last equality follows from Lemma 2.5.2. 

Next, we will check that (3.5.4) is compatible with the action of the group U(Z) on 
[F], u and on B, where we use the natural symplectic action of U(Z) on Tp = A © A* 
and the splitting U(Z) — > U(Z) spin of the spin-covering (see Remark 2.3.8.1). Namely, for 
a b 



9 



d 



G U(Z) the relation 



(-w id A *) 
leads to a commutative diagram 



-i 



(a + 6o;)* • (-g(u>) id A *) 



/!.,, 



A*®C 



V 9M 



(a + 6a;)* 



(3.5.5) 



A*®C 



Hence, we have 



which implies that 



g *n 



sM,e 



det(a + 6a;) x • U 



n 



SpL 



ffH,e 



det(o + 6a;) 



-i 



a 



[Tl 



Also, the diagram (3.5.5) gives the equation 

«w|n(L) = (a + bu)* o « 9 ( w )|n( s i,) ° #|n(L) (3.5.6) 

in Hom(n(L), A*) ® C. Since g • (L, </?) = (#L, <//), where ip'(g(uj)) = (p(uj) det(a + 6a;) -1 , 
passing to determinants in (3.5.6) we obtain that the orientation \i^^ of Il(gL) ® R 
corresponds to /x^ under the isomorphism II (L) — )■ n(gL) given by g. Hence, the class 
g[Tp] is exactly the fundamental class of T g p associated with the orientation coming from 
g\F\. On the other hand, by Corollary 2.5.6, 

X (£(uj),[F]) = x(K9(u)),g[F]), 

since for g G U(Z) the operator p(g) is simply the map induced by any autoequivalence 
of D b (A) compatible with the canonical lifting of g to U(Z) spm . 

Finally, applying Proposition 1.4.1 and using the U(Z)-invariance, we see that the 
general case of (3.5.4) follows from the case when Lp is transversal to {0} x A considered 
above. □ 



Remark 3.5.3. Note that since Lp is equipped with the lifting Lp to the universal 
covering of the Lagrangian Grassmannian (see Ex. 3.2.6), the Lagrangian torus Tp has a 
structure of a graded Lagrangian (see [33]). The corresponding choice of a phase of J T 
obtained from Theorems 3.3.2 and 3.5.2 comes from Kontsevich's description of a grading 
on a Lagrangian (see [33, Ex. 2.9]). 
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4. Quasi-standard £-structures and Fourier-Mukai partners 

4.1. Quasi-standard t-structures. The Z-covering LG(Q) — > LG(Q) appears also nat- 
urally when considering t-structures. Let T(A) be the set of H-invariant t-structures on 
D b (A). We identify T(A) with the set of cores of such t-structures, so we view elements 
of T(A) as abelian subcategories A C D b (A). 

Theorem 4.1.1. (i) There is a natural U(Q) -equivariant embedding 

LG(Q) -)• T{A) :L^A Z , 
which is uniquely characterized by the condition 

Ao:«o),0 = Coh(A). 

T/ie Li-functor $^ : D 6 (A) — > D b (A) corresponding to g G U(Q) (defined up to H — see 
Sec. £.i,) satisfies 

(wj For an Li-object F and L G LG(Q) one has F[—i(Lp, L)] G A z , where i(-, •) G Z is the 

unique U(Q) -equivariant function on LG(Q) x LG(Q) such that for <pi, <p 2 G NS(A) <8> Q 
one has 

KLv^Lv^) =i((fa-<f>i), 
provided 02 — <Pi is nondegenerate (recall that Ly is given by (3.2.5)). 

Proof, (i) Recall that the action of U(Q) on LG(Q) is transitive, and the stabilizer 

subgroup of the point ((0 : 0o) 5 O) is P~(Q), lifted to U(Q) as described in Corollary 
2.2.2. Thus, it suffices to check that P~(Q) preserves the standard t-structure. But this 
immediately follows from the description of the functors corresponding to elements of 
P-(Q) (see Prop. 2.2.1). 
(ii) The fact that every Li-sheaf is cohomologically pure with respect to each t-structure 

constructed in (i) follows from Theorem 2.4.1. Uniqueness of the U(Q)-equivariant index 
function i(-, ■) follows from Proposition 1.4.1. It remains to find the number % = i((f>i, fa) 
such that 



V^i-ijeAz . 

4>2 



Let g = I „ i? I . Then by formula (2.4.1), we have 

$ g (O x ) = V <h modN* 

(there is no shift in this case since the kernel S(g) is a vector bundle). It follows that 

%(Coh(A)) c A lv . 

Note that T(fa) = g(F((j>)), where 

= 1 (i-0 2 -Vi)" 1 . 
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Hence, using (2.4.1) and (2.4.3) we obtain 

$ 9 (V^) = V^H(0 2 + 0)]modN*, 
so denoting 03 = 1 — 02~Vi we obtain 

i = i{4>2 + 0103^) = ^(03(0203 + 0l)) = ^(0302) = «(02 ~ 0l) 

as claimed. □ 

Definition 4.1.2. We will refer to t-structures on D b (A) constructed in the above theorem 

as quasi-standard t-structures. 

Proposition 4.1.3. Let A and B be abelian varieties, and let 77 : Xa — > Xb be a sym- 
plectic isomorphism in Abq (i.e., up to isogeny). Then the map 77* : LG^(Q) — > LG# 
induced by 77 extends to a 7L-equivariant map 

t7* : LgTq) ->• LgT 



B 

which is compatible with the quasi-standard t-structures, i.e., for every L G LGa(Q) the 
Li-functor $,, associated with 7] (defined up to H) satisfies 

%{A~ L ) c A~~ L . (4.1.1) 

Proof. Note that B is isogenous to A, i.e., there exists an isomorphism / : A — > B in Aoq. 
Let t]q : Xa — > X B be the induced symplectic isomorphism in Abq. We also have natural 
compatible isomorphisms induced by /: 



?7o* : LG A (Q) -)• LGb(Q), ^ : LG^(Q) -)• LG B ( 
Furthermore, it is easy to see that the ^-exactness (4.1.1) holds for 770* and the functor 
<& Vo which is the composition of the pull-back and the push-forward under isogenics (this 
is proved similarly to Prop. 2.2.1(h)). Now let g v G U(Q) be the unique element such 
that 

V = Vo°9v 

Choose any element g v G U(Q) over g v and define 

r7, : l5I(Q) -* LG7(Q) : Z ^ m*(9v(L)). 

By Theorem 4.1.1(i), the required assertion follows for the functor $ w 0$^ . By [31, Thm. 
3.2.11], its H-equivalence class differs from $^[n] by an action of N* (one has to use also 
[31, Prop. 2.4.7(h)] as in the proof of [31, Thm. 3.3.4]). Changing 77* using the action of 

n£Zc U(Q) on LG^(Q), we get the required compatibility (4.1.1). □ 

Remarks 4.1.4. 1. The quasi-standard t-structure associated with Lp G LG(Q) has 
a simple characterization in terms of the Li-object F (defined up to H-equivalence). 
Namely, the corresponding subcategory D-° C D b (A) consists of all X G D b (A) such that 

Hom i (X,T ;CiC (F)) = for i < and all (z,£) e A x A. Indeed, using U(Q)-action this 
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reduces to the characterization of the standard subcategory D-° by the above condition, 
where F is a nonzero torsion sheaf. 

2. In the case of an elliptic curve all the quasi-standard t-structures are obtained from the 
standard one by tilting (up to a shift). More precisely, let P(-) be the slicing associated 
with the standard stability on D b (E) for an elliptic curve E, so that -P((0, 1]) = Coh(E') 
(see Ex. 3.3.5). Then the quasi-standard t-structure associated with <fi e NS(E, Q) ~ Q 

(lifted to LG^(Q) by (3.2.6)) is P(( Arg( ;~ 0) - 1, Arg( ^ ) ]). Note that this construction 
extends to irrational numbers e M and for k = C the corresponding hearts are equivalent 
to the categories of holomorphic bundles on noncommutative 2-tori (see [32], [28]). We 
conjecture that this connection between quasi-standard t-structures and noncommutative 
tori extends to the higher-dimensional case (the corresponding equivalence of derived 

categories is established in [4]). Namely, to every point of LG^QR) \ LGa(Q) there 

should correspond a t-structure on D b (A) (in a way compatible with the action of U(Q)) 
whose heart is equivalent to the category of holomorphic bundles on the corresponding 
noncommutative torus. 

4.2. Fourier-Mukai partners. Recall that the set of Fourier- Mukai partners (FM-partners 
for short) of a smooth projective variety X is defined as 

FM(X) = {Y smooth projective | D b (Y) ~ D b (X)} /isomorphism. 

For an abelian variety A we can also define the subset FM ab (A) C FM(A) by consid- 
ering only FM-partners among abelian varieties. In characteristic zero it is known that 
FM ab (A) = FM(A) (see [16]). 

Recall that if B is a FM-partner of A then any equivalence D b {A) ~ D b (B) is given 
by the Li-kernel associated with a Lagrangian correspondence (L(r]),a) extending a 
symplectic isomorphism rj : Xa — Xb (see 2.1). The U(Z)-orbit of the Lagrangian 
(v*) 1 ^ x B) E LGa(Q) does not depend on a choice of an equivalence D b (A) ~ D b (B). 

Proposition 4.2.1. The above construction gives an embedding 

FM ab (A) <-+ LG A (Q)/U(Z). (4.2.1) 

The image consists of orbits of Lagrangian subvarieties L C Xa for which there exists a 
Lagrangian subvariety V C X& such that L fl V = 0. 

Proof. The first assertion is immediate since the Lagrangian subvariety (?]*) _1 (0xi?) c Xa 
corresponding to B is isomorphic to B. For the second we observe that if we have a 
Lagrangian L' C Xa such that L fl V = then the get an isomorphism L x 1/ — y Xa 
and also V ~ Xa/ L ~ L, which leads to a symplectic isomorphism L x L ~ Xa, so that 
B = L is a FM-partner of A. □ 

Remark 4.2.2. The set LG j4 (Q)/U(Z) = U(Z)\U(Q)/P"(Q) is known to be finite (see 
[12, Thm. 6]). Note that this set is also in bijection with the set of endosimple Li-objects 
in D b (A) up to the action of exact autoequivalences of D b (A) (as follows from Prop. 2.1.2). 

Here is an example of a situation when the embedding of Proposition 4.2.1 is a bijection. 

45 



Proposition 4.2.3. Assume that A is principally polarized and End(A) = R is the ring 
of integers in a totally real number field F (so the Rosati involution on F is trivial). Then 
the map (4.2.1) is a bijection, and 

\FM ab (A)\ = \LG A (Q)/U(Z)\ = h R , 

where Hr is the class number of R. 

Proof. First, we observe that in this case the set LGa(Q) consists of all subvarieties in 
Xa = A x A, isogenous to A. We claim that all such subvarieties L C Xa are direct 
summands. Indeed, L is an image of the morphism A — > A 2 associated with a pair 
(a, b) G R 2 \ {(0, 0)}. Consider the exact sequence 

->■ I' ->■ R 2 ->■ I ->■ 0, 

where I = (a, b) C -R. This sequence splits since / is a projective -R-module. Hence, there 
is a corresponding split exact sequence of abelian varieties 

-»■ A 7 ->■ A 2 ->■ A 7 ' -> 0, 

where we use the natural functor M — > A M from .R-modules to commutative group 
schemes with A M (S) = Hom^(M, A(S)) (see [11]) Since A 1 is exactly the image of the 
map (a, b) : A — » A 2 , this proves our claim. 

It remains to check that the orbits of SL^-R) on the projective line F 1 (F) are in bijection 
with the ideal class group Cl(R). We have a well defined map 

F 1 (F)/SL 2 (R) -»Cl(i2) 

sending (a : b) with a, 6 G R to the class of the ideal (a, 6). This map is surjective since 
every nonzero ideal in R is generated by two elements. To show injectivity suppose that 
pairs (a : b) and (a' : b') define the same ideal class. Then upon rescaling we can assume 
that (a, b) = (a',b'). Now we have two surjective maps R 2 —¥ I = (a,b): one given by 
(a, b) and another by (a', b'), and our assertion follows from Lemma 4.2.4 below. □ 

Lemma 4.2.4. For every nonzero ideal I C R the action of SL 2 (R) on surjective maps 
R 2 — )■ I is transitive. 

Proof. Since / is a projective -R-module, for every surjective map / : R 2 — > I there exists 
an isomorphism 

a : R 2 ^- I'® I 
such that / is the composition of a with the projection to /. Note that det(a) induces 
an isomorphism of R with /' <S>r I, so we obtain an isomorphism V ~ I -1 . Thus, we can 
view a as an isomorphism R 2 — > J -1 © I such that det(a) is the canonical isomorphism 

R — > I^ 1 <S> I. If g '■ R 2 — > I is another surjective morphism and /3 : R 2 ► I^ 1 © / 

is the corresponding isomorphism then 7 = /3 _1 o a is an element of SL^-R) such that 
9°1 = /■ □ 

Remark 4.2.5. In general the embedding (4.2.1) is not a bijection as one can see already 
in the case of a non-principally polarized abelian variety with End(A) = Z (cf. [23, Ex. 
4.16]). The Lagrangians not in the image of this map correspond to categories of twisted 
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sheaves equivalent to D b (A) (see [25]). Note that the set LG^Q) is a subset of vertices 
of the spherical building associated with the group U, which is related to the boundary of 
the Baily-Borel compactification of the Siegel domain Da- It would be interesting to see 
whether other elements of this building have an interpretation in terms of D b (A). Also, 
one can expect some relation between the quasi-standard t-structures and the t-structures 
associated with stabilities coming from points of Da or Da x C In the case of K3-surfaces 
similar questions are studied in [17] and [15]. 
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